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ABSTRACT 


Theory of the edge T-matrix will be developed and 
Seolied to derive algorithms for solving basic problems of 
network theory such as the determination of a fundamental 
Neep, Or CcUL—set matrix, the path matrix, the circuit matrix, 
the seg matrix and the tree summation calculation. Appli- 
fwerenm Of the tree Summation to the determination of 
sensitivity functions without actual derivative operation 
will also be investigated. Formulas for determining topo- 


Poetcally the sensitivity function will be proved. 
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i. INERODUGTIGN 


Enumeration of subgraphs are interesting basic problems 
in graph theory. In network theory, the problems of Been = 
(a) a fundamental loop or cutset matrix, (b) the circuit or 
seg matrix, (c) the path matrix, and (d) the set of trees in 
a graph are of primordial importance. Quite a number of 
papers have been written by various auchors tovusolve these 
problems, particularly the problem of tree findime. wires. 
the fundamental problem in topological analysis of elec rai 
cal networks. Different theories, such as theory of groups, 
matrix theory, Boolean algebra, combinatorial analysis 
have been applied for solving ies Soueme. However, each 
of the existing methods suffers from one or more of the 
following disadvantages: (a) the method is too complicated 
for hand calculation or for computer implementation; Gop malic 
often involves duplication; (c) large computer storage is 
required; and (d) the process requires long computation time. 

mn this thesis, the edge T-matrix will be defined and 
used as a new tool for representing a network. Based upon 
the properties of edge T-matrices, five a leOrd tamame © i 
solving the above mentioned problems will be developed. The 
proposed algorithms will prevent the generation of dup 1i- 
cates and at the same time minimize the computer storage and 


eae COMpULaALION time. 


lik 








Because graphs have been used as mathematical model in 
several different fields, there is a Mone tdénauie prolifer- 
pemon Of terminology. To avoid possible confusions. Chane 
II of this paper will be devoted to the definitions of 
fundamental terms which will be used in the subsequent 
chapters. Theoretical development concerning the edge 
femevorix will be discussed in Chapter III. Algorithms for 
memoaing’ fundamental loop and cutset matrices, for determin- 
ieeeone circuit, path, and seg matrices will be given in 
Chapter IV. Techniques for calculating l-trees and 2-trees 
will be presented in Chapter V. Applications of the results 
Gieerned in Chapter V for determining network functions and 
and sensitivity functions will be investigated in Chapter 
(eee in this chapter a topological formula for determining 
miemsensitivity functions, without actual derivative 


operation, will be given. 
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it. BASTC DER Reis 


ive LNTRODUCTION 

Because graphs have been used as mathematical models in 
several different fields, there is a considerable prolifer- 
meer OL terminology. Throughout the literature it is found 
That not only are various words employed for the same con- 
cept but, more confusing, the same word is used sometimes 
Boeecacterent concepts. In view of this chaotic situation, 
ware chapter is devoted to list a set of basic definitions 
of terms and concepts which are to be used in later discus- 
ware Come of the definitions of other familiar terms will 
be listed in Appendix A. Properties derived from basics 
definitions will be assumed without proofs, since the proofs 
Pemeerese statements are well known and their inclusions will 
Memoe yond the scope of this paper. 

In the following development only connected graphs with 
no self-loop are considered. The word graph may refer to 
either a non-oriented or an oriented graph if not otherwise 
indicated. The numbers of nodes and edges of the graph are 
denoted by n and e respectively. The nodes are always 
numbered from 1 ton. The edges can be designated by 


memeers from 1 to e, or by e distinct letters. 


Eee iat, INCIDENCE MATRIX 


Mesinition 2.1 The incidence matrix, denoted by A> of a 


graph G of no self loop, is a matrix of order n xX b with 


de 








with each row identified by a vertex and each column by an 


eeee, that is: 


A, = las; | 1d 2618 
me 2e 
I, af edge j is incident with node 7 andere 
away treme v ; 
as 4 =<-=l, 1fmedece j is ineiden’l with modemivend secmenrcd 


TOW aise lace. 


OF i mea ee wimeaks “NOL Anedideml Wald iiemtocemn 


iimeeme case of non-oriented graphs, the sign of as 4 is 


ignored, 
Metinition 2.2 The reduced incidence matrix, A, is the 
matrix of order (n-1) xb obtained from Ne by deleting any 


feow of A, 


ie@eerty 2.) Hach column of a eontains exactly oner 4 ilmeand 
one -l., 


mms property results directly from Definition 2.1L. 


geperty ¢c.2 The rank of the matrix A. is n-l. 
mime proof of this property has been given by Kirchhoif 


mu 6]. 


meoperty 2.3 Ihe matrices A and A, are! Tora lly mnamodumlar. 
fee, all their square submatrices have determinant either 
@eeo or +l or —l. | 

This property has been proved by Veblen and Franklin 


oe | 31), 


14 








Cae coe CIRCUIT MATRIX 


Weranition 2.3 A circuit is a connected suberanhene mae 
precisely two edges incident with each node (of the subgraph). 
An arbitrary orientation of the cCirculs Mayeberdc tamed 


in the obvious way. 


Stememation 2.4 The circuit matrix, B,» is the matrix of 
order c xb with each row identified by a circuit and each 
column by an edge such that 


BL = bs] 
J GX ob 


[oem Cc is the total number of circuits of the graph, and 


+1, if the edge j is included in circulvvee and 
having the same orientation with C. 


— ~Is if themedge j iS tneiuded an cient eC aeaune 
a) oriented in the opposite direction to the 
Orientation ot C. 


0, Waive cdze j. 15 nob aacluded an C. 
Property 2.4 Let B and A, be the circuit matrix and the 
imeremaence matrix of a graph G. Then 


Nan 
nes = 0 


The proof of Property 2.4 has been given by Veblen 


i 50). 


Maoperty 2.5 The rank of Bo aspera ae ll 


Property 2.5 has been proved by Reed and Seshu in [28]. 


dhs. 





eee tke AND COTREBS 


Definition 2.5 A tree of a connected graph G is a cGonnected 
Euperaph that contains all the nodes of G but no Gireuitee 
m@pe edges contained in a tree are called the branchecwon 


Chat tree. 


Definition 2.6 If t, denotes a tree of a graph G, then the 
complement subgraph te of t. is called the cotree defined 
Meee respect to t,- The edges contained in t. are called 
i@eechords of Use 

Several important properties of tree graph are listed 


ime cne following. 


Property 2.6 Every tree has at least two terminal nodes 


(nodes at which oniy one edge is incident). 


Peeoperty ¢c./ All trees of a connected graph of n nodes 


feineain exactly n-l branches. 


Property 2.8 A cotree of a connected graph contains b-nt1l 


edges. 


eopercy -.9 For a connected graph, an n-1 minor of the 
reduced matrix A is a nonsingular if and only if the n-l 


columns of the minor correspond to branches of a tree. 


Baeeerty 2,10 The number of trees, T of a graph is 


jg Cee 


Definition 2.7 A k-tree of a connected graph is a set of 


k unconnected and circuitless subgraphs, which together 
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include all of the nodes of the graph and formed by n-k 


edges. 


Betinition 2.8 Consider a graph G together with four dice 
Bact nodes a, b, c and r. A type-I 2-tree, denoted by 
t(a;r) is a 2-tree of which node a is required to be in one 
of its subgraphs and node r in the other. A type-II 2-tree, 
denoted by t(a,b;r), is a 2-tree in which nodes a and b are 
required to be in one of its subgraphs and node r in the 
Other. A type-IIl 2-tree.is a 2-tree, designated by 
t(a,b;c,r), of which node a and b are required to be in one 
of its subgraphs and nodes ec and r in the other. A type-IV 
2-tree, denoted by t(a,b,c;r), is a 2-tree of which nodes 
emmomeernd C are required to be in one of Its suberaphs wand 


and node r in the other. 


Meme oion 2.9 Given a directed graph G'. het G be the 
graph derived from G' by ignoring the edge orientation. A 
plieraph t(r) of G' is called a directed tree if and only if: 
(1) Ignoring the edge orientation, t(r) is a tree of G. 
(2) ae every node, except node r, called the reference 
node, there is exactly one outgoing directed edge. No edge 


of t(r) is directed away from the reference node r. 


Demin2tion 2.10 Given a directed graph G' together with 
four nodes a,b,c and r. Let G be the graph derived from G! 
by ignoring the edge orientation. A type-I directed 2-tree, 
denoted by t'(asr) is a 2-tree defined from G' if ignoring 


the edge orientation the resulting subgraph t(a,r) is a 


dy 





o-tree of G, and node a serves as reference node in one 
subgraph and node r in the other of a ce Sab tae eve lye 

Met t'(a,bsr) and t'Ca,b:r.,c) and t'(a.bjesr) be twee 's . 
type-III and type-IV e2-trees of G', respectively. Then 
their nonoriented counterparts are e-trees of type-II, type- 
III and type-IV of G, and node a serves as reference node 


mamene Subgraph and node r in the other. 


Ee) FUNDAMENTAL SETS OF LOOPS 

fensider any tree Of a connected graph; since itis 
connected there is a tree path between any two nodes and, 
Since it contains no circuits, this tree path is unique. 
fevmeeconsider the tree with one of its chords. Between ine 
two nodes terminating the chord there is a unique tree 
path which, together with the chord, defines a circuit of 
the graph. Similarly each of the (b-ntl1) chords of the tree 
feemes a circuit of the graph; these (b-nt1l) circuits are 
aeeebed a fundamental set ef loops of the graph; their 
Mieseavavions are defined to coincide with those of their 


Getirning chords, 


Memenation 2,11 A fundamental loop matrix with respect to 
emeeree Of a connected graph G is the matrix Be Oi Teck ie 
(b-n+1) xb with each row identified by a fundamental circuit 
(with respect to the tree) and each column by an edge such 


eral b 


Bp. = [b,j] (o-n41) x Dd 


Ls 








where 


1, if edge j is in circuit ¢] and Vihemommomra 
tion Of 3) coincides with Jthe .orienvorion 


Ot ee 
be, = - 
tJ -1, if edge j is in cs but the orientation of ; 
is opposite to The Crientalr lon oleeer 


a 


Oras 4) aS) olonp seal: Cs. 
Let the edges of the graph are numbered so that the 


chords of the tree form the first b-n+l edges and, if the 


fundamental loops are numbered correspondingly , Be Will be 


euewne form: 


Be = 10, Bry] 


where m = b-ntl. Let the columns of the reduced matrix A be 


arranged in the same order of edge: 


A= [Aq1 Ayo 


The following important interrelationships between matrices 


Ajy> A B Nave Deen polled our. 


ie? £12 
D ~1 
Mmeoperty 2.11 Bey - -[A,5 Ay] 


limes property results directly from Property 2.4. 


Meeperty 2.12 Be ey Telenor PI hashes Willchae 
This property has been proved by Belevitch in [1]. 


The inverse of A for a connected graph has been given 


Ie 


an interesting interpretation by Branin [2] as follows: 


meoperty 2,13 For a connected graph the element Sa. of the 


a ES 


inverse of Ajo is: 
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tl, if branch i of the tree disecontainedein tac 
unique tree path from node j to the reference 
node and is oriented from node j to the 
reference node 

-l, if Draneh i of the tree 1s contaimecdsimweiiecs 
unique tree path from node j to the reference 

Je) node and is oriented from the reference node 

VORnede | 
O, if branch i of the Cree is not Genvained mon 


the unique tree path from node j to the 
reference node. 


F, CIRCUIT-SPACE AND INDEPENDENT CIRCUITS 


Memrmition ¢c.l2 het the aaa Om Be be m = b-ntl. The 
circuit-space of a graph is defined as the vector-space 
Spanned by the rows of Be over the field of real numbers. 
ittesspace, denoted by L, is obviously an m-dimensional 
subspace of R>, and any sev of m Hinearly independéenv rows 
of B. will serve as basis for L, Let any mxb matrix formed 
by m independent rows of Be be denoved by B, Them the sev 
Sem circuits, which are individually associated with each 
mereot 6, 1S called a set of independent circuits. 

Heeom Definition 2.6, the following properties of the 
independent loop matrix can be proved. 


Property 2.14 AB = Ba’, 
nis preperty is obvious from Property 2.4; 


Meeeerty 2,15 There is a non-singular mxm matrix mien 


ime -l and O such that 


B= TB p 


where Be isomer undamental circuit Matrix of The “slau. 
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This property results from the observation that the rows 
of B and the rows of Be span the same space, and since Be 


Somwains the unit matrix. 


Property 2.16 An m-minor of B is non-singular if and only 
if the m columns of the minor correspond to the branches 
Giaa COLrec. 

The proof of this property has been given by Bryant 


we. 5 


Gee o68GS AND THE SEG MATRIX 


Memenition 2.13 Let Ny be a non-enpty proper subset of 

mae, secu of nodes N of a graph, and let Ny - N-N,. Men set 
of branches, each of which is incident with one node in Ny 
ema one node is Nos is called a seg of the graph. 


The following properties of seg can be deduced from 


Menmnition 2.13. 


Beoperty Plimeiiqemset Of branches Imerdene aus a nede aL 
a seg. 
eel 


Property 2.18 A connected graph contains 2 - 1 different 


non-empty segs. 


Property 2.19 Any seg contains an even number of edges in 
common with any circuit, and half of which the orientations 
of seg and circuit will agree while on the other half their 
orientations will oppose. 

The proofs of properties 2.18 and 2.19 have been given 


moet3), by Bryant. 


zl 








Definition 2.14 The seemmatrix, C,» is the matrix of order 
Ss xb with each row identified by a segvand each econ oyaea 


Sace guouch wie t 


+1, if edge j is incident with seg j and has the 
same orientation 


- -l1, if edge j is incident with seg j and has the 
opposite orientation 


CPt Memeredee ) 15 MOt ine) Gemre Wihy lees COummim 


From Definition 2.14, the following properties of the 
seg matrix can be proved. 


oe 
meopervy 2.20 Be = Q., 


meoperty 2.20 todtows directly from Property 2.19. 


mmeperty 2.21 The rank of the seg matrix is n-l. 
moot: Hrom Property 2.20, rank of oe SS) eC 
iteoperty 2.17: C. = MR have! Sesh Che) = n-l. Hence Prop- 


eae 2.01. 


H. FUNDAMENTAL SETS OF SEGS 


Detinition 2.15 Consider a tree j of a tree t of a connec- 
Peo sraph. Branch j segregates the nodes of G into two sets; 
maemcorresponding seg of the graph consists of thal partic- 
Mea tree branch together with certain of the chords of the 
tree. The set of n-1 seg obtained in this way from a tree 

has the property t that each seg contains one branch which 
meenot contained in any of the other seg of the set. This 
set of n-l segs is called a fundamental set of segs. The 
merentvation of these segs is defined to agree with the 


@ri1entation of the defining tree branch. 


fe 








Definition 2.16 A fundamental seg matrix, denoted by Cea, 
is a submatrix of order (n-1) xb and rank n-1 formed by n-1l 
fundamental segs of Co. 

feu. the vree branches be numbered Ssomtaaret pola 
eelumnis in Cp CGiemesponidtoe the tree Diane tea al Caer esaein 
fees be numbered correspondingly, so that Co can be written 


Qn. 


With Be and A written in the corresponding forms 


Be 


ee 


A = Aj, Ayo] 


The following interrelationships have been proved in [3]. 


- eee alt ee 
Property 2.22 E= -F = Ay5 Aly and Cp = Ay 5 A. 


Property 2.23 Those chords which combine with a given tree 
mewem LO Lorm the corresponding ses are precisely those 


chords whose fundamental circuits contain the tree branch. 


Property 2.24 C is totally unimodular. 


Meo G-SPACE AND INDEPENDENT SEGS 


Metinition 2.17 Let the rank of Ce be n-l. The seg-space 
of a graph is defined as the vector-space spanned by: the row 
oun e. weeetie ti told Of regi numbers. 

This space, denoted by C, is an (n-1)-dimensional sub- 
space of Ree any set of n-1 linearly independent rows of Cc. 


will serve as a basis for C. Any (n-1) xb submatrix formed 


eS 








from n-l independent rows of Co» Gdenovedminy C, is called a 
set of independent segs of the graph. 

Sincem@G 16 assubmaurix of Co Phe follows soroeewries 
of C are obvious. 


pao perty eS Bol = 0 and cp = 0. 


Property 2,26 There is a non-singular Coe) Slog yy jer eie oS 


whose element are 1, -1l and O such that 


Property 2.27 An (n-1) minor of C is NON Same lanes ie eerie 
only if the n-1 columns of the minor correspond to the e¢ee 


of a tree. 


J. CUT-SET 


Definition 2.18 A cutset of a connected graph is a minimal 
set of edges whose deletion will separate the remainder of 
mmeeeraph into two disjoint subgraphs, one otf which mMay—be 
an isolated node. If one isolated node results, the cutset 
Wemcalled a vertex cutset. | 

From Definition 2.18, the following properties can be 


moved. 
Property 2.28 A cutset is a seg. 


Property 2.29 ever 2G) alteleleugmel bance soins ala obs) j (lias buialaliord 
of cutsets. 


Property 2.30 Each fundamental seg is a GUucSeu. 


a4 








K. ORTHOGONALITY OF SEG-SPACE AND CIRCUIT-SPACE 
Consider the circuit-space L and the Seg-space C of a 


eraph. The following results have been proved in (3). 


Property 2.31 The circuit-space and the seg-space 1 Orem 
orthogonal sub-space of Re 


This property is obvious from Property 2.4. 


Property 2.32 Any vector X from ae may be expressed uniquely 
as the sum of two vector X, and Xo with X,¢€ L and Xoe C. 


Property 2.33 Any vector X R® which satisfies CX = 0 is 


b 


contained in L, and any vector Y R which satisfies BY = 0 


jmmcontvained in C. 


fee ATHS AND THE PATH MATRIX 


Definition 2.19 A path is a connected ordered sequence of 
edges whose terminal nodes (the first and the last relative 
to the ordering) are of degree 1 and whose terminal vertices 


pieemol degree ec. 


Wemedation 2.20 A path matrix, P, of a connected graph is 
a matrix whose b columns correspond to the edges of the 
graph, and whose row correspond to all paths between iene 
mms, vertex s and the last vertex t. The entry Das Cleat, 


J 
moenmcetined as follows’: 


= ila Atimrerc) viele y Maks malig a jeieliv elma 
P43 


Oat "edee jis not in pavns 


Property 2.34 Let A be the reduced incidence Mavwieeor 


which the columns are arranged in the same order as in the 


Zo 





Bach Matrix ene a 
AP” = H (mode.2) 
where H = h.. with 
1.3) 


Doe ieee merce OT arveay 


O, otherwise. 


and s and t are terminal nodes of the paths from which P is 
@etianed. 

This property has been proved by Okada [22]. Other 
interesting properties of the path matrix have been given 


me 33). 
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TII. THE EDGE T-MATRIX AND NETWORK REPRESENTATION 


foe LNTRODUCTION 

The main purpose of this chapter is to introduce the 
edge T-matrix which is used as a new tool for network 
mepresentation. Three different defi t sonst sinew ee 
T-matrix, which are only slightly different, are given to 
cover respectively all types of graphs, name ly. tile mOm= 
oriented graph, oriented or directed graphs. General 
feeoerties of the edge T-matrix Wi bin ber DOamt ede Olly amen (eva, 
the C-transformation will be defined and used for generat-— 
ie the set of subsequent edge HES ieee s ye = Se viol 
properties of the C-transformation and of the set of 
subsequent edge T-matrices will also Desprovea. 

The edge T-matrix and the C-transformation defined in 
mmbo chapter can be considered as a generalization of the 
'T_triangle' which has been introduced by Chang (Gale hom 
deriving a fast tree finding algorithm, for non-oriented 


Graphs. 


Bee DEFINITION OF THE EDGE T-MATRIX 

Bepending on the problem under consideration, a network 
can be associated with a non-oriented or an oriented eneeyelay. 
or a digraph. Therefore in the following three distinct 
definitions of the edge T-matrix associated with a non- 
oriented graph Go and oriented graph Gore or a directed 


graph will be given. The use of these edges T-matrices 


Zi 





fal be pointed uv, in) the next chapvememion specified 


pmweo lems. 


Definition 3.l-a Let the nodes of a directed graph G o> be 
numbered consecutively from 1 to n, and the edges from dt bie 


b. The edge T-matrix Ty associated with Gy is @ triangular 


ee = 


exray of which the 4° pow corresponds to node itl and the 


a men column to node j. ihe entry Uys in the Ue row and 
the yth Gio llbyiel ate = 


Oil “aodes sr elmainiG: mre tee Gas co mince clus 


ae > a binomial (itly.,.) + (j,y.) if nodes itl and 
: alg sl ‘) 
J MarercenmecucG: 


where (k,y,) Sane Ordemech pads ;Otie Wit lClinay denotes the sum 
of all edge designations of the edges connecting nodes itl 


pues, and having node k as initial Mode a Winn. Ki i tals. 


Definition 3.1-b In the case of a non-oriented graph Go» 
the entry fas 1S one iy 


Opp menodes itl wand age Gasconmecvcd 


55 a Vinee ecdeemdest nab tOlomOlmbMe ede cs 


between nodes itl and j. 


Definition 3.l-c If the graph is oriented, the entry taj 
meager ined exactly as in Definition 3.1-b, but the edge 


designations are: 


"4" 3f the edge is oriented away from node j. 


"_t af the edge is oriented towards node Jj. 


Definitions 3.1 will be illustrated in the following 


example. 
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Beceample 3.1 Bind the edge T-matrices  as3 6 cared eisai 
emeaphn Shown in Figure. 3.1, 


(a) The edge T-matrix associated with the graph Case 


2} al 
5 2 
[Ty Po oer 
sy | ue 0 6 8 
lo 3 O4 





Hapure 3,l.a.. A Nonoriented Graph. 


(b) The edge T-matrices associated with the oriented graph 
Ss : 


by definition 3.l—a: 


2 Wee 2) 
En 3 53) CATs), 
. (0,0) C2 Sera) Ce 
D (1,4) COL) CeO) 2a ae 


1 





a 











Ei Cimeemaell—oe Ane Ormtlented —orapin, Gor 


C, PROPERTIES OF THE EDGE T-MATRIX 
Meith Detindittoncma.1, some Cenc aip topper tic. of 


the edge T-matrix will now be pointed out. 


mimoperty 3.1 Given the edge T-matrix, Ty» associated with 


—_———— 


a graph G. The set of edges of G which are incident at 
(a) node 1 is represented by the set of non zero entries nate) 


Solumn 1 of Ty > 


a 


(i) Node n is represented by the set of non zero elements 


in row n-l of Ts» 


(c) node itl is represented by the set of non zero elements 


ma row 1 and column itl of Ty 


ee ee 


fgoot: Tne Subscript 7.0! cach cuury bay in the first 
momn is 1. This implies that the edges represented by 
this entry has one end connected to vertex 1. Similarly 


mae subscript i of each non zero entry ts; in the row (n-1) 


is n-1; then the edges of graph corresponding to this entry 
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has one end connected to node n. More general, each entry 
tay id the th row has a subscript i, then the edges of G 
associated with this entry has one end connected with node 


itl, and each non zero entry in the (Geaigiae 


column, has 
mae subscrint j = itl, then edges of G associated with this 
entry has one end connected with node 4+1. Hence Property 


Bel 


Remark 3.1 This property is common for all forms Cw wuine 
edge T-matrices associated with a graph using either one of 


mae Definitions 3.1. 


Property 3.2 Let |T, be an edge T-matrix associated with a 
meomedirected graph G. Consider a sev of n=1 entries, taken 
one from each row of |Ty ir euimliies Suje@ee losin (sila eu. 
these entries corresponds to only one edge of G, then i eile 
product of these entries is the tree product Of sa Ure > wo macE 
Proof: An entry in row i represent an edge which 
connects node itl to one of the nodes preceding itl. iBoyera 
the set of n-l entries, taken one from each row at a eaUiiess 
represents a set of n-1 edges of G which connect n nodes of 
G. Thus the product of these n-1 entries is Seen a tree 


fjeoaduct . 


Definition 3.2 Given an edge T-matrix |T,, associated with a 


non directed graph G. The partial tree summation obtained 


from |T,, is: 


ce ||_ ~2 on es (3.1) 


Sl 





where Sy is the sum of all entries in row i of ee 
Definition 3.2 can be justified by noting eae each term 
in the right hand side of Equation 3.1 can tree produEerso 
perce of G, since 10 is formed by n-l factors, of which 
each factor is a tree branch by applying Property cree 
In order to define the partial tree summation obtained 


from the edge T-matrix associated with a digraph, the follow- 


ing algebraic formulation is NEC OOS SC 


Definition 3.3 The product of two ordered pairs LE ISD. and 


(js¥5) is an ordered pair (P5y,) defined as follows: 


(PY) = (1.¥,)*(5 oy)! 


where 
0, if ij = 0 
py = 
ieeyeit de), Ao 
L ie i ee eo 
0, if ij #0 


From Definition 3.3, it can be easy to verify that the 
*product is commutative, associative and distributive with 


respect to addition. 


Definition 3.4 Given an edge T-matrix en associated with a 
Girected graph Ga: Pepeeach cow. 1.0.00 Dn bemassoecilauce 


with a polynomial 


Y 

I 
Lea ae 
— 


Mine partial directed tree summation obtained from vn is 


oe 


defined by 


Be 





es 
aL 


[Tbe = (3.3) 








i=] 


where the right hand side of Equation represents the second 

element of the ordered pair 
n-ly, t 

(ey) Ss rD) 

i=] 

obtained by expanding the *multiplication. 

Definition 3.4 can be justified by observing that: 

(a) each term in the right hand side of Equation 3.3 is the 

tree product of a tree of Gs. and 

(b) each tree obtained is a directed tree since the *multi- 

Meeecation discards all trees of Ga which do not satisfy 


Definition 2. , namely all trees in which there are more 


fhan one outgoing edges from a node. 


Property 3.3 There is no duplication in the set Gl Cieees 
listed in the tree summations defined in Definitions ots 
and 3.4. | 

Proof: There is a duplication if two Obtained sUkees 
are formed by the same set of n-1 edges of the graph. From 
Definitions 3.3 and 3.4, there are no identical terms in 
Equations 3.1 and 3.3 unless the same edge 1S sis Occ 
Meaty two distinct entries of ve which are located in two 
adifferent rows in Tn: This aes imoosscub le.) Since mre: 
Werinition 3.1 there is an one-to-one correspondence between 
mem zero entries of an and edges of the graph. Hency 


mmeoperty 3.3. 
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Property 3.4 If all the entries of row i, for i > 1, and 
those directly below row i, down to row n-l of an edge 
T-matrix |T,, are zero, then the graph associated with Urn 
is mconheetea 

eoot:; By Property 3.1, the edges whi checai be weomnmec— 
ted to one of the nodes preceeding node itl are those edges 
represented by non zero entries in row 1th or directly below 


them. Since all of these entries are zero, then the graph 


corresponding to La 18 CUB eCiIiaete red 


Property 3.5 Given a value of K, with 1 < K < n-l. A seg 
Sy fevemmned by Dartitioning the Set of modes of (Lhe graph 
with the re- 


ieeo two subsets, say N. with K nodes, and N 


1 2 
Meaning n-k nodes, can be obtained by taking all’ of theme 
Bero entries bays Wale 1 <2 ak Steed eich Ws ey SG ab tein 

edge T-matrix associated with the graph. 

Proof: Replacing all non zero entries tay OTIS Sak SS 
meeeeend 1 < j < K by zero. The resulting edge T-matrix will 
be associated with a disconnected graph by virtue of 
meoperty 3.4. Then the set Sx defined above is clearly a 
mee of the graph by Definition 2.9. In joveaeeabo Walshe wee 16 Ss Il 
m@erseg is a node cutset, also is the seg Sn-2° lig)” ele elab ie aloes 
jmemthe subgraphs associated with the sub-edge T-matrices 
formed by the first K-1 rows and the last n-K-1l column 


mespectively, are not disconnected then Sy is a minimal 


upset. 


Property 3.6 Consider the product 
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k 
Sane ie ee (3.1) 


where ts; are entries of an edge T-matrix [I. 

a) If |T is associated with a non oriented graph and if 
none of the entries in the right hand side of Eq. Alas 
zero, then P is the path product Of the path Waose terminal 
fe@ees are 1 and k, and its interior nodes are 2 <i < k-l. 

b) If |T is associated with an oriented graph and if 
none of the entries in the right hand side of kq. ay 2s 
zero and all of the entries Cas have the same sign which is 
opposite to that of try then P is the path product of the 
oriented path connecting node 1 to node le Wath Voges: 1 samrmere 
2 <i < k-l as interior nodes, whose orientation is defined 
Poeemnat of tha 

Eeoor; Prom Definitidn 3.1, it is Clear thar each@enm 
under the multiplication sign represents an edge with 
@onnects node itl to node it2, and ara connects node 1 to 
node k. Hence Property 3.6-a. If in addition, suppose that 
all Breriies tas have the same sign, say +, and ba isu Oat 
een -, then the path is clearly oeriensed trom node 1 ve 
meee k by the light of the sign convention given in Defini- 


immom 5. i1-c. 


Property 3.7 Consider the product 
k-J 
C= t,_ TW tz, (2) 
1=1 


where t,; are entries of an edge T-matrix |T 
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a) If |T is associated with a non oriented graph and if 
none of the entries in the right hand ee Of Se Cees. eos 
meres, then © is the circuit product of a Gilaeewaly onayecl leh 
k edges with interior nodes i, where 1 < i < k-l. 

b) If |[T is associated with an oriented graph, and if 
none of the entries in the right hand side Of pidie ss se. us 
mero and if all of the entries tsa have the same sign which 
is opposite to that of ae Phen iss the Gim Cua ue proguce 
of the oriented circuit whose interior nodes are nodes i, 
with 1 < i < k-1, and whose orientation is defined by that 
of ees 1 
Proof: Property 3.7 is a corrollary of Property Sa Oe 


The expression of C can be rewritten as 


k-1 


C= ty, tha i tas (3.2-a) 


By Property 3.6, the expression in the bracket is the path 
product of a path of length k-l, connecting node 1 to node 
foe, and edge tay corresponds to the edge that.connects Gane 
two terminal nodes of the path. Hence Property 3.7 1s 


mroved, 


D. DEFINITION OF THE C-TRANSFORMATION 


Definition 3.5-a Given the edge T-matrix Ty =e 


associated with a graph G by applying Definitions 3.1-a or 
7 ; _ = : 
Merb. It is said that the edge T~matrix 74 ee ne 


derived from T by applying the C-transformation Licaligys. 


Se 


eolumn j > 2 as operating Gene eviieuy tel 
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Gb t' = t. for 1 < psd < 3-2 


pg pq 
(2) a = eee fOrwjiebe= Dp Sn=2 ances 
(3) Layer = alcral forma. < pos n—2 amd Cees 
(4) Bs : Be SL OIG coal 
vas fi Once e seal 


Mieparticular for j=l, uhen: 


’ = = 
Be ng = %pt1,qtl for 1 < p,q < n-2 


! = = 
Seer ig - al Pome i << @) S idol 


Remark 3.2 Let G. be the graph Ae OC ated. Wialuii || len. elect 
Remark 3.¢ ev Gs ence eae a3 


from Definition 3.1, it follows that G, can be obtained fon) 


5 


G by rearranging the nodes of G in the following sequence 
Tee 5 Sosa JU ea rel arora eer ee ela) ic 


Definition 3.5-b Given the edge T-matrix |T, = eae asso- 


ciated with an oriented graph Go Dyed ie eDet newer 
3.l-c. The edge T-matrix Pay = ce is said derived from 
qT) by applying the C-_transformation with respect to column 
3 fee if the entries eye are obtained from a by using 
Equations (1) through (4) and in Equation (4) replace Ca by 
ifeoemegative, “Vag: 

For j = 1, using Equation (5) and 6, but in Equation 6, 


* 


replace aa Dyslusemeeative weal 
Definition 3.6-a and 3.6-b will be illustrated by the 


following example. 
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Example 3,2 Find the edge T-matrix IT 13 derived from the 
paee T-matrix given in Example 3.1. 


(a) Suppose that |T, has been obtained by applying Defini- 


tion 3.l-a. The edge T-matrix IT 13 derived from |T, using 


—_— 


column 3 as operating column is: 


2 Giggs) (252 ) 
y ComneD) C2 Saris e)) 
ee (CS (1,4) CeO 
3 (3,3) (2,8) (4,6) (3,10)+(5,11) 
1 — y 5 


[ie ouppose that T, has been obtained by applying Defini- 


eee 


tion 3.l-c. The edge T-matrix T13 derived from T, using 


femnmn 3 as operating column is: 





2 1-2 
I 5-9 
Bis CS A 0 =i 
5 -3 16 =e 8) 
1 2 y 5 
1. Properties of the C-transformation 








Property 3.8 Let Ee be the transform of a given edge 
T-matrix \T4 obtained by applying the C-transformation with 
meeoect to column j of |? Let ae and Gy be the graphs 


associated with Ta and 





a : 
es ReSsoeCcuIvely =) sunen cae ae Go 
are 2-isomorphic. 

Proof: From Remark 3.2, the process for generating 


Ty trom [Ty results from a rearrangement of the sequence of 


ao 





vertices of Gy > then clearly these two graphs are e- 


meemorphic. 


Property 3.9 If the C-transformation is performed on a 
given edge T-matrix Ty using column j as operating column 
feoen—-j+tl times es ih aa) then the final newly gener- 
ated edge T-matrix will be identical to the original edge 
P=matrix [Pa 

Proof: From remark 3.2, the sequence of node onl e gte 
graph associated with T3 can be obtained from that of [Ty 


by a circular substitution performed on the subsequence of 


nodes 
Gee ee | a) 


while the first j-l elements remain unchanged. Since there 
are n-j elements in this subsequence of nodes, then qe 1p leis 
substitution operation is repeated n-j+l time consecutively, 
then the final subsequence will be identical with the 
Smezinal. Hence Property 3.le. 

2. Complete Set of Subsequent Edge T-matrices 

Given a graph of n vertices, a set of n! 2- 

isomorphic graphs can be obtained by considering aya eClat Sw aliatee 


arrangements of the sequence of vertices. It is said that 


Definition 3.6 The set of edge T-matrices associated with 
the set of n! 2-isomorphic graphs derived from a given graph 
by considering n! distinct arrangements of the sequence ene 


nodes of the original graph is called the complete set of 
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Subsequent edge T-matrices derived from the edge T-matrix 


associated with the original graph. 


Property 3.10 The complete set of subsequent edge T-matrices 
derived from a given edge T-matrix can be obtained from the 
original edge T-matrix as follows: 
1) Applying the C-transformation with respect to column j, 
meen 1 < j < n-l, 
2) From each newly generated edge T-matrix obtain a set of 
sere T—-matrices by applying the C-transformation with respect 
memcolumm k, with jJ < k < n-l, 
3) Repeat (2) on each newly generated edge T-matrices to 
Sreeain successively all members of the Set. 

geet. lromn Preperty 3.12, each newly —eeneraved edee 
T-matrices is associated with a 2-isomorphic graph of the 
given graph, and by the process outlined in (2) and (3) a 
fomumn j is used as operating column exactly n-j times con- 
secutively, then no two edge T-matrices generated by the 
process are associated with two identical sequences of nodes 
Mery ue Of Property 3.12. In addition the process given 
meomei!) to (3) includes circular substitutions of order 
moon 1 to n; then it has been proved that [17] these circu- 
lar substitutions represent the whole of the permutations of 


the n nodes in the sequence. Hence Property 3.10 is proved. 
Be oubset of Subsequent Edge T-matrices 


Beminition 3.6 Let G be a given graph, whose sequence of 
node is denoted by S. Let S(n-p-1) be the set of (n-p-1)! 


distinct sequences of node derived from S by performing the 
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earcular substitution operation of Orderyp Jone ee Ole ctm 
the set of 2-isomorphic graphs derived from G whose sequence 
of nodes are one of the members of S(n-p-1). The set of 
edge T-matrices associated with these graphs is called the 
p-subset of subsequent edge T-matrices derived from the 
original edge T-matrix associated with G. 


mepeating the proof of Property 3.10, it follows thav: 


Property 3.11 The p-subset of subsequent edge T-matrices 
derived from a given edge’T-matrix can be obtained by 
Mmeroplying the C-transformation with respect to column j, 
feebmeptl < J < n-l 

2) From each newly generated edge T-matrix, obtain a set of 
edge T-matrices by applying the C-transformation with respect 
memecotumn k, with j < k < n-l 

3) Repeat (2) on each newly generated edge T-matrix to 


@btain successively all members of the subset. 
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IV. THE EDGE T-MATRIX AND OTHER MATRICIAL 
REPRESENTATIONS OF NETWORK GRAPHS 
A. INTRODUCTION 

ime thas chapter, techniques for deriving tie siete w an 
Matricial representation of network graphs from its edge 
T-matrix will be presented: 

Poe undamentain IOOp Cr CuULSEeU Matrix. 

eee A path Matrix, 

Calne CircuLe matrix, 

4, The seg matrix 

Problem 1 has been studied by Welch [32] and Gotleib and 
Corneil [14]. However these solutions suffer from a major 
Gisadvantage: Welch's procedure needs storage for nxm inci- 
fiamee matrices and two vectors of length m; Gotleib and 
Corneil's solution requires storage for nxn adjacency 
Mer 1 ces, where n is the number of nodes of the graph and m 
that of its edges. 

Problems 2, 3, and 4 are usually attacked in parallel. 
These problems have been studied by Parthasarathy [24], 
Cartwright and Gleason [4], Kamea [15], Maxwell and Reed 
419] and recently by Char {7]. These existing solutions can 
Be Classified, according to their approaches, into two 
classes. Parthasarathy, Cartwright and Gleason, and Kamea 
have used the connection matrix. Maxwell and Reed's method 
has been based on the ring sum operation performed on rows 


@ a fundamental circuit matrix of the graph. Char's 
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solution is an improvement of Maxwell and Reed's algorithm 
and based upon an edge-numbering convention. 

Hewever each Of whe eCxisting mMethodemtorece  anoeune 
above mentioned problems suffers from one or more of the 
following disadvantages: (a) the method is too complicated 
for hand calculation or for computer implementation; (b) the 
solution involves duplications; (c) large computer memory is 
required; and the process requires long computation time. 

musOritchm for obvaining a fundamental loop matrix wii 
be presented in Section 4.2, It will be proved that the 
vemporary storage needed is smaller than that required for 
two edge T-matrices. The computation time is minimized due 
meme fact that the process lists, without test, every 
imeo Girectly from a resolving tree. 

Peorithms for determining a pach matrix, circuit save. 
pagescee matrix will be proposed in Sections 4.3, 4.5 and 
mmo, 6Ltd Will be proved that no duplication occurs, then 
computation time can be minimized since no test is required, 
em@eeche vtemporary storage need in the process is in 


maximum n-1 edges T-matrices. 


B. ALGORITHM FOR DETERMINING A FUNDAMENTAL LOOP MATRIX 

lo obtain a set of fundamental loops of a network is 
relatively an easy problem. This can be performed by 
meosing a tree, then with respect to every chord of this 
tree jist the corresponding fundamental loop by considering 


Eepath, Formed by tree branches, connecting terminals of thav 


4 3 





chords. In order to use the edge T-matrix for solving Oia 
problem, the concept of resolving edge T-matrix WabaL AL jeve 


ibs amtroduced. 
fen Ties Revolving Hane T-Marrix 


Definition 4.1 A column j of an edge T-matrix T is called 
pme-operating column if: 


ip Ut. =| (5 hell 


Definition 4.2 An edge T-matrix is called a resolving edge 
iemeatrix if no column of this edge T-matrix can be used as 


an R operating column. 


Property 4.1 Any edge T-matrix can be transformed into a 
resolving edge T-matrix. 

EecOor : Consider an arbitrary edge T-matrix Ee tease il 
Meets entries Uy are non zero, then it is a resolving edge 
jematrix. if some of the entries Css ic equa leuen Zero. Une 
two cases are to be considered: (1) Suppose that t,, = 0, and 
all of the entries in column i are also zero, then ere hvinial aaedl 
can not be used as an R-operating column. If Thome Clea Galen 
Mmemsaulisfied for all Usa = 0, then T is a resolving edge 
T-matrix. (2) Suppose now that t,, = 0, but eal ~ 0, then 
column itl can be used as an R-operating column. Applying 
the C-transformation with respect to column itl consecutively 
p-i times, the entry Usa in the resulting edge T-matrix will 


become non zero, then column it+1 will not be, longer an 
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R-operating column. Aoplying, this processes ba eam. from 
mpeemost left column of which the entry Cay ny VA euerer oe)! 
repeat the process for the resulting edge T-matrix of 

which the column itl is not an R-operating column, until 

no column of the newly transformed edge T-matrix can be 
used as an R-operating column, then the final edge T-matrix 


will be transformed into a resolving edge T-matrix. 


Definition 4,3 Given a resolving edge T—~matrix Fr of a 
Emap G, of no parallel edge. fMhe resolvinewewec wOlsnG 
defined MOU ee is the tree whose branches are associated 
with: 

1) all non zero entries t,,, and 

Pee che most right entry 6 imecack sow a), 16 tes = 0. 

From Definition 4.3, it is seen that the resolving tree 
of a graph G, defined from its resolving edge T-matrix Le 
mercomposed of some trains of tree branches which correo 
individually with each subset of consecutive non zero entries 
tes of {T,,. These train of tree branches are connected 
together by attachment tree branches which are associated 
with the tree branches associated with the selected entries 
bags With respect to a resolving tree, the set on chore 


mianed relatively to this tree can be Class Eee a MiboO me lice 


eloasses as follows. 


Definition 4.4 With respect to a resolving tree, a chord 
me Said to be a 
(1) Type-I chord, if both of its terminal nodes are in the 


same train of tree branches. 
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(2) Type-II chord, if it has only one terminal node in a 
erain of tree branches and the other is connected to an 
mearacknment tree branch, which in turn ts connected Ttosree 
moe train of tree branches. 
(3) Type-III chord, if it has each terminal node in a 
mee rent train of tree branches. 
2. Fundamental Loop Listing Algorithm 

The concept of classification of chords. detined 
mmeemrespect to a resolving tree, together with technique 
mmol vbaining the circuit products corresponding to every 
mop Of a fundamental set of circuits will be better illus-= 


trated by use of an example. 


Example 4.1 Find the set of fundamental loop from the 


mescOolving edge T-matrix given below. 


NOE © © ita Ga OD Wan OF Me en ©, 0 EE DO) 


ee ee ee 
~] OUI So eee 





ieee es Oo 7 6S OO de isa 
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The set of branches of the resolving tree is: 
(A. beegdiss 2sye5 0 Ssh 130k ee 
The resolving tree is formed by five trains Of tree Dieaienes: 


les 


1 = eral nie nol)) 2 ES Ces P. = (sci 5 sie wi (Spee ls) 
and Pe = (Oil ela @)) < 

The set of Type-I chords defined with respect to the 
above trains of tree branches is composed OL: 

p, defined with respect we Po 
w,r defined with respect to Py 
v, defined with respect to Po. 

The set of type-II chords is composed of a single ele- 
ment q, defined with respect to Py and the attachment edge €. 

The set of Type-III chords is: 

z connecting Po and Po» 
Hence. COnnecuat Po and Pa> 
y, connecting Pa and Pir 

1B ha (Souaimetew aleve. Po and Py. 

To find the circuit product of the circuit defined with 
respect to edge p, it is noted that p is of terminals nodes 
Weed 5, in addition a path connecting these nodes can be 
obtained by the set of entries a, Db, Cc; and ad, taken one in 
each row, with the first element, a in the column contain- 
ing p, and the last element d in the row that contains also 


me This circuit product is: 


E(p) = abcdp 


fama larly, tor chords r and v: 


47 








P(r) = fghr, and P(v) = klv. 
To find the circuit product of the circuat defined with 
respect to edge w, it is noted that w connecting nodes 4 
eed 9, which are nodes included in the train of tree branches 
Po. The path connecting 4 and 9 is formed by s, f, and g, 
meen also on each row with the first element s in the 
eolumn containing w and the last entry g in the row contain- 


ing w also. Then 
P(w) = sfgw. 


ir general a Type-I chord circuit product can be 


eyweressed as: 


P(t,,) = ts; a aah (lial) 
and 
A 
Cpe) = Ghee. Gc. 4 II 6 Hey lee 
( ij? Ae a eles ex | ( ) 


et oo fomoancreesbranch. Hom 4.ieais clearly easyer Crculan 
@emse of Eq. 4.1.b. 

femiind the circuit product associated with the loop 
feeined with respect to type-II chord q, it is observed that 
q connecting nodes 1 and 6. The path which connects these 
two nodes can be obtained by the set of entries a,b. The 
[erst entry is taken in the column that contain q and the 
last in the column which preceeds the column that contains 


mime attachment edge e. This circuit product is: 


C(q) = abeq. 
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In general, given a type-I1 chord bay: Gefined with 
Bespect to a train of tree branch Py and let the attach- 
iier1c edge be vag fen the circuit preducc uc. tne mercer 


Mem ined by t.. is 
1 


q-l 
CCl bk= oc ee II 18 te C2) 
13 ee ee al kk (1q 
where oe ion ie mieee wo ileameine Of Py Woieeh is lecavea ane ce 


same column with re Viale Wo ae oc 

The determination of the circuit product of the loop 
defined with respect to chord of type-IIl, 2, connecting 
Po and Po, 


mmeeche given graph which is formed only by nodes contained 


can be performed as follows. Consider a subgraph 


ii) Po and Po and edges between these nodes. for Simo] Cire. 
type-l and type-II chords defined with respect to these 
trains of tree branches are also deleted. The edge T-matrix 
associated with this graph can be derived from si iOaiee 

(1) letting entries of Ty, corresponding to type-I and 
Type-IIl chords, defined with respect LAS Po and Be equal 
Zero , 

(2) considering only rows and columns associated with 
nodes contained in Po and Po. 

(3) removing all rows and column associated with nodes 
of degree one, namely row r and column Pei in wie tiere 


is exactly one non zero element. 


iets LOUNnG wneu.: 
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C a 
3 b 
y Cc 
2 a 
ter. ,P = i S 
ie 2 9g r 
9 a 
Ane eZ ela 





ee Agom | bad 


after (1) and (2) have been performed. Removing row 4 and 


column 5 which are associated with node 4, gives: 


ae 
on 
ae 
be 
a) 
ae 
onal 
| 
OO On FWP 





12347 89 


The circuit product of the loop defined with respect to 
chords z can now be obtained by applying Eq. 4.1.a to this 


reduced edge T-matrix. 
C2 w= Sestehz 


To determine the circuit product of the loop defined 
fae respect to chord to type-I1l, u and x connecting Po and 


Py, the operations (1), (2) and (3) carried out give: 





eee ie te 


50 





| T(P, »Py) is not a resolving matrix, in addition Ree ats 
ebserved that there are two type-Lilt chords, namely u and v, 
which are located in both sides of the colum containing the 


meee branch 1, which connects P He) Ph. it is clear that 


a 
fundamental loops defined relative to u and x respectively , 
must contain the edge i. To evaluate the circuit products 


of fundamental loops formed by u and Xs Ltt eS Dette rae 


investigate the graph associated with the reduced maga = 


|TCPs Py) shown in Figure 4.1. From this figure: 


C(u) = a(i)ju 
and 


el) 


Che jieik. 


This result can be generalized as follows. Let Goh be 


the entry of the reduced edge T-matrix He oleae correspond- 
ing to the edge connecting Ps and Pie Let Hes DE St hence my, 
associated with a type-III chord defined with respect to Ee 
and Pie Then 


motor j < h and gg < i 
h-1 i 
Oe) = eae eae ‘en| I] ad CI 3p 
“eestor j > h and g > i 
j-h 


I 
k=0 


i 
i ea : {aoe © 
C(ts;) ta | - “+, toh eesti (4.3.b) 


To determine the circuit product of the fundamental loop 


fertined with respect to eee" tC, 10 1S Meued thavuwsumtoucdec 


oi 





connecting P3 and Poe The reduced edge T-matrix associated 


with the subgraph formed by P2 and PS is 


es .P-) = 





ye SS 


Meplying Ha, 4#.3.b Leads to: 
C(t) = gmnot 


mo devermine the circuit product of the fundamental loop 
Sovained with respect to edge y, it is noted that y connects 
Po iO Po DUL there as no common nodewin these Craiwe ot 


Mmermoranches. Furthermore, train of tree branch P. has 


5 


7 and ee Then the reduced edge 


iemavrix from which the circuit product of the loop defined 


common nodes with both P 


mewtacively with respect to y can be obtained is formed by 


three trains of tree branches, namely Pos P2 and Pee 


meer), ,P.) = 





2S 1 {Seal 546 


The circuit product of the fundamental loop defined with 
respect to edge y can now be obtained by applying Eq. 4.1l.a 


to the reduced edge T-matrix TCP, 5P2,P.). 


Bie 





C(y) = besfmnoy 


The final fundamental loop matrix is: 


DPV Wd 2 Up Veta be CG de Seat | ore ee 





tienwobtained result does agree with that given by a direct 


investigation on the graph shown in Figure 4.1.a. 


Remark 4.1 In computation the circuit products of chord of 
mage-tL il connecting Pp. and ce WiGheed <7), 1 Ueto ODS eirvec 
that in general there is no tree branch connecting rs and 
Se This can be seen by the fact that P. and me Comme 
mera node in common. In this case, as shown in the com- 
mmeacvion of the loop defined with respect to edge t, in 


Exp. 4.1, a train of tree branches Pe which has common 


k 
meae with both P. and - is required for the derivation of 
the reduced edge T-matrix TCP; sPy_y oP). In general such 

a reduced matrix can be always Gyo since the resolving 
tree is by definition a connected graph, then a path formed 
by tree branches between a node of Ps and a node of P, ine 
Peevays existed. Such a path will include edges of Pas 


pe yo Py Since in an edge T-matrix a node 


Peeociated with a row i is connected to any node associaved 
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With any row preceding row i. Therefore, the search for 


the nodes of the reduced edge T-matrix yPCP) BPs) can be 


thought of as the search of the common node between 


ee f-12° gow: tae Purl iermoreww tb site wel cOueia ty anemne 


reduced edge T-matrix |T(Ps Ps) is always either a resolving 
edge T-matrix, if all members of S(i,j), the set of type-III 
Seords defined with respect to P. and E are located to the 
Baeeeor the column that contains the tree bramch connecting 


P. CO Pay? or an edge T-matrix of the form of T(P 2 5P,) in 


Example 4.1. This can be seen by the fact that in the 
reduced edge T-matrix T(P) »P,) only type-III chords defined 
With respect to Pi» P, are COnsiGemed tesether with the 


tree branches of Pas pe and ee anGma ll the treeroranches 


-k 


mieenrepresenteda by entries t CxCer Gr Or tne meni, 


Ino 
representing the tree branch which connects P. 1s Ps ay 
the case where there are entries corresponding to some 
member of S(I,J) located to the right of the column contain- 


imemunme Cree branch connecting P. and Bee Theretore, all 


me 
circuit products of fundamental loops associated with 
type-IlII chords, members of S(i,j) can be obtained by 
Mmeeebving, to the reduced edge T-matrix Eq. 4.l1.a if it is 
of the form of a resolving edge T-matrix, or Eqs. 4.3.a and 
4,.3.b accordingly to the location of the entries represent- 
ime members of S(i,j) relatively to column containing the 


tree branch connecting P. vOmr if the reduced edge 


J 


Mmeimatrix is not of the form of a resolving edge T-matrix. 
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The method used in Example 4.1 can now be generalized 
eae) SUMMarized in the following algorithm, 
po. Alecrivhmet Omi stime 4 Sel sOiehuUMmdanent al ehoces 
A set of fundamental loops of a graph G@ can be 
obtained through application of the following steps. 
Step 1. Associated with G its edge T-matrix [T. 
Transform |T into a resolving edge T-matrix i. 
Classify the set of chords defined with ee 
to the resolving tree, by application of Definition 4.4. 
Determine the connection between two eeaane of 
tree branches, P, and Pas vejstualer e(eience 2 ILA mole ieee Stal 40). 
mueo core COMpDUGe EMe Cireciit products Of allvok the 
fundamental loops defined by type-I and type-II chords, by 
use of Eq. 4.1 and Eq. 4.2. Delete all type-I and type-II 
chords from |Tp- 
mma: | 6LCOMpUte Che circuit products of all of the 
fundamental loops defined by type-III chords, members of 
mere), by: 
(a) forming the reduced edge T-matrix [TCP >P,) and 
[oo applying Eq. 4.1 or Eas. 4.3a and 4-.3.b accordingly 
to the form of the reduced edge T-matrix. 
peep 4. Repeat Step 3 for every set S(i,j) obtained from 
peep |. 
ies ODVLOUS that the rate of convergence of the above 
algorithm depends on the number of trains of tree branches 
of the resolving tree. In the case where all of the entries 


tay of the resolving edge T-matrix are non zero, then all 


B18. 








fmeure 4.1. iLliustration of the Process of Evaluating 
Unie Cirevin Preducts on Yundamenval Looos 
Associated with Type-I1I Chords. 


emercds of the resolving tree are type-I chords. Then no 
fmeauced edge T-matrix is required. 

MrecOMmpuuer oGueorate meeded Tor the amplemenvation ol 
mMeemapOove algorithm is, in the worst case, that of two edge 
Meer ices, in addition, the computation time is minimized 
meeeene fact that ali loops listed are fundamental loops, 
aad no duplication occurs, then no check operation is 


necessary. 


fee PATH LISTING ALGORITHM 
In order to derive an algorithm for listing all possible 


paths between a pair of nodes in a given graph using edge 
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Figure 4.]1.a. MUllustration of the Process of 
Listing a Set of Fundamental Loops. 


ai 





i=matrix and the C-transformation, we first define the 


P-operating column. 


Definition 4.5 Any column j > 3 of an edge T-matrix is 


mmered a P-operating column if and only if: 


n-1 

1) 2 Cee # 0, and 
KS 
n-1l 

2) Dy w Zx 0. 
eee wee 


Theorem 4.1 All possible paths between a given pair of. 
Meees, say 1 and 2, in a graph can be listed through 
application of the following steps: 

peep | Associate with the given graph the edge. T-matrix 
iE meine Definition 3.1—b if the graph is non oriented, 
men Wefinition 3.1-c if the graph is oriented. 

mize. 2 Genlerave the 2-subset Of subsequent edge 
T-matrices derived from [Ty using Property 3.14, provided 
meee, e€ach column to which the C-transformation is applied 
mee be a P-operating column. If in any newly generated 


edge T-matrix, say Dai lS Tele tu 


5? Foye met Ors ica 


feed che C=transformation with respect to the same 
eotumn of Ting 2 ii tesa ODet avis ce | Uimn.. tem: Olcm 
ie, then discard 2 i 

a2 mj 
mj ae 

step 3 Let Py FEDresent a - pavny Or Tengihn Ky tena 

path composed of k edges connecting nodes 1 and 2. From 
each member of the 2-subset of subsequent edge T-matrices 


memeravred in Step ce, Py. toe Vem: 
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k 
| It... if the grapieiiseneonommen command 


rife Weg 
2 


meeecne graph is oriented all the entries under the muilti— 
Peieation sign must be of the same sign which is opposite 
to that of t,,) with 1<k<n-1, if P, is computed from 
in and with j-1 < k < n-l if P, is computed from an edge 
T-matrix generated from its antecedent by applying the 
f=—trensformation corresponding to column j >? 3. 

Proof: From Property .3.6 it results that the expression 
ou PL given in Step 3 represents respectively a path of 
Memecn kK connecting node 1 and 2 ina nonoriented and an 
oriented graph. Since Ps are computed from the 2-subset 
of subsequent edge T-matrices derived from the Origine eee 
T-matrix Ty > from Property 3.1; 1t results that, given a 
value of k, with 2 < k n-2, all combinations of k-1 nodes 
which can be intermediate nodes in the path, taken out of 
Me=2 nodes of the graph are all considered. Therefore all 
possible paths between nodes 1 and 2 are listed. The dupli- 
cation is prevented by the restriction on the Computation 
of Pi from Tg, Since rom vme ser iny Lone Ot stne 
Se=ereansformation, all entries in rows i, with 1 < i < j-l; 
remain unchanged, therefore all paths of length k< j-1 have 
been listed, and then only paths of length k > j-l are of 
jmrerest. The restriction on the generation of Pe cere 
edge T-matrices results from (a) the definition of the 
P-operating column and (b) the condition given in Step e, LS 
of purpose of reducing the generation of useless edge T- 


matrices from which no new path can be obtained. 





Example 4.2 List all paths in the directed graph G, of 


Figure 4.2 between nodes 1 and 2, 


Bieics 1 Oe MOL Misiercsyeslenal ata wiles 
Path Listing Algorithm. 


meee lL, The edge T-mactrix associated with Go ngSes 





Step 2. The 2-subset of subsequent edge T=natrices 


derived from |Ty are: 


a 
b e 
MB) = | 5 fee pb [p(14) = 
0 





fm. i134) does not exist. 
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a a 
0 L—¢ 0 ioe 
2 
ae id ee [n(13*4) =] , =e 
b e-c -h 0 O 


BreO 5. UwlStane Oraented paths. 
ecom | T(1): ea Big leon IUCS)) 2 Taio 


From 12(13°) and [T(14): none 
From [T(13°4): Pa = bgh 
iG is also interesting to note that, if the edge orien- 


meron 1S ignored, then the path matrix of the graph, now 


Seeoame nonoriented, is: 


ee 
JJ 


Remark 4,1 Due to the fact that no duplication occurs in 
Mae listing of paths from each member of the 2-subset of 
subsequent edge T-matrices derived from T(1), then paths 

can be listed from each member of the set as soon as it 

is generated. Then, the maximum number of edge T-matrices 
in temporary storage, in the worst case, is only n-2. Hence 
this procedure enables one to reduce computer memory 


meaduirement and also computation time. 
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mee CLRCULT LISTING ALGORITHM 

In thas section the path listing galeor reine ae 
Peevion 4.3 will be modified to use for listing all cirewsite 
fies Eraph. The concept of primitive circuit is first in- 
troduced in order to cover the case of graphs with parallel 
meees., A partition of the set of all circuits of a graph 
part be proposed, from which an iterative method for listing 
emcircuits of a graph will be pointed out. 


Pee rine veo rorrcuilt. 


Meeinition 4.6 A primitive circuit is a circuit formed by 
apair of parallel edges if the graph is nonoriented. If 
@eeneraph is oriented, a primitive circuit is formed by 


apair of parallel edges whose directions are opposite. 


Property 4.1 The number of nonoriented primitive circuits 


obtained from a set of P parallel edges is: 
N = 4P(P-1) Cris 


Ieoot. From Definition 4.6, it is clear that the 
number of primitive circuits formed by P nonoriented edges 
me che number of all combination of P edges taken 2 edges 


at a time. Therefore 


le 1 
N = a = LP(P-1]) 


Eeoperty 4.2 Suppose that between a given pair of nodes, 
there are Ps edges oriented in a direction and Po edges 
oriented in the opposite direction, then the number of 


PeLmitcave oriented circuits is: 
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Ne eS (4.2) 


ieOOh: (COMsucer one Out “Of Ps edges [iis Ccpee terns 
with every one edge of PL an oriented Gireuit. | Hence 
property 4.2. 


Meee Gerarivye rocess stor Listing Ale Cireuivs fo mec 
Graph 


Consider a given graph G, its vertices are numbered 
meen} ton. sSuppose that all of primitive circuits of G 
have been listed using Definition 4.2. Let C denote the 
mero: all distinct circuits of the graph formed at least of 
mimee edges of the original graph. With respect to node 1, 


we can write 
Carel) <b (4 1) (ie ay) 


where C(1) is the subset of the set C whose member are 
Sercuits containing node 1 and C'(1) its complement. Since 
met) 1s a subset of circuits of G that do not contain node 
1, then C'(1) can be obtained from the subgraph G4 of G 
Beeewned by deleting node 1 and all of the edges incident 


at this node. Repeating the process i times gives: 
CVOije= Clit), + © Cre) (4.3.b) 


with successively i = 2,3,...,n-3, and where C(itl) is the 
piesey Of circuits of G which do not contain the first 1 
modes of G but all contain node itl, and C'(i+tl) its comple- 
mame in the set of circuits obtained from the graph G. 


derived from G by deleting the first i nodes and all of the 
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poaces incident at these nodes. In parudcular the vsubeirann 


G is formed by the last three nodes of Ge then 


i= 3 
OG) SOG s)) (4,.3.c) 


mading Equations 4.3 leads to 


n-3 
Cae ie AOS) (GL SG.) 
12]. 


Pauation 4.3.d suggests that the set of all possible circuits 
O©f a graph G can be obtained by summing n-3 subsets C(i) 
fameen in turn can be determined by finding circuits that 
contain node i in the subgraph G.. 
pee ine Modified C-transformation 

In order to derive a computational iterative method 
Meeeiscting all circuits of a graph using the edge T-matrix 
and the process given in Section 4.4.2, we are going to 


modify the C-transformation as follows. 


Definition 4.7 Any column j of an edge T-matrix is a 


ey -operating column if; for j>e: 


imarticilar, tory = 2, column 2 of any edge T-mavurix 
meme C'-operating column if at least there are two non zero 
entries in the set of elements in the first column from the 


second row down to the last row. 
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Definition 4,8 Given the edge T-matrix EE = eae associa- 
ted with a graph Gs It is said that the edge T-matrix 

T iq v.! is derived from |T i a cr 

at { ae , bY applying the modified 


Seauranstormation using column j> 2 as C'-operating column 


mt 
1 t' = ¢ ioe 1k < j-2 
(1) tq = Fg Se 
2 t' = ¢ for j-i < < n-2 Cera ox <4 
ee ng rae od. Sas 39 an £4qs j-i 
eS) eve a Vestal arte LLOQ 5S JOS Jill and J esas 2 
; for 1 < <i 
(4) ts ne 
Hit. 5G _ | . 
oer if < aoe it 
63 Clie A Stel Sal 
immpoarticular for j = 2, then: 
! = : - 
>) tia tran.) for 1 <i < n-2 
! = 
ee n-1,1 ~ ° 
1 = = 
(7) Fo Ceca ‘one 2 joyqto) < (ee 
coor +! ee POr= 2 ¢— ile 


Compared to the definition of the C-transformation, the 
modified C'-transformation is identical to the former except 
Or: 

(a) Only columns of EE whieh Savuisiy Conditions £iven in 
Definition 4.7 can be used as operating column, and 
Moe The entry t' is replaced by a zero instead of t. : 

pq een 
me circuic, bisting lhncorenm . 


Theorem 4.2 The set of all circuit of a graph can be 


meeained through application of the following steps. 
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Step 1. Associate with the graph the edge T-matrix 
ja: Osabase IWS Miia we aleyan Sy ere ene jones and 
Definition 3.l-c for oriented graph. List the set of 
Pei bive circuits. 

etep 2. Generate the 1l-subset of subsequent edge 


mematrices from | 7 USing the C'-Urans morniacas6 ieee ee) 


each newly generated edge T-matrix, say Dna? pine VeliG icy 
ol an is zero, then repeat the C'-transformation for 
3 


Ting Minh respect to the same coltim |. Go obtain a and 
discard on 

Eweors. Delete column 1 from 1(1) and répeat Step 2. 

Step 4. Repeat Step 3 by deleting one more succeeding 
eolumn each time, until n-3 columns are deleted. 

payee >. For each k, with 3 < k <n, Obtain a set of 


Got all k-edge circuits from each edge T-matrix generated 


k 
mioteps 1 to 4, using the formula 
ie fb Or yHNonoriented graph 

k-1 
C... =£40 eG c 
i=l 


eee) te fee and |" py Where 1 <r <sn-e, and 
Ihe 


ia). oeOue Ting? where j>e. 


Li 


Veh 3 < k 


JA 


is x 


] A 


mee for oriented graph, Cy. represent a circuit product 
if all elements in teh product are of same sign and oppo- 
eeeee to that of a ie 
Eroou: Applying Property 3.6, it 1S 9¢ leer sumer Cc, is 


the circuit product of a k-edge circuit. The proof that 
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fee lows Will consist of three parts. It™will be shown 
successively that applying the circuit listing theorem the 
Errcuits of a graph can be obtained from the set of 
Seesubsequent T-matrices without duplication. 

dae restricrrom eutlinea in Step v2. namely sdicecardaa 


io, if its element t. = 05) DreVents ciereenenavien 


alee)” j-l,j-1 
of subsequent edge T-matrices from which all Cy computed 
meeezero. This results from the fact that wo foil remains 
P) 


zero in all of the subsequent edge T-matrices derived from 


5° itis alse 
14 
the purpose of the choice of the operating column as defined 


Tia except for iT 5 these Geri ved from iE 
| j 14 


fm Definition 4.7. Suppose that an arbitrary column j has 
been used as operating column and if conditions given in 
Peteimdtion 4.7 are not satisfied, then it is easy to verify 


meee the expression of C, computed from the resulting edge 


k 
T=matrix will be Zero. 
Consider the set of edge T-matrices generated in Step 2. 
The second column of these edge T-matrices are successively 
associated with nodes i, with 2 < isn. Therefore C,'s 
computed from these edge T-matrices form the complete set 
of C(1), i.e. the subset of circuits that contain node 1. 
Next, consider the set of edge T-matrices generated in 
Steps 3 and 4. These edge T-matrices are associated with 
Subgraph G., derived from G by deleting the first i nodes 
and all of the edges incident at these nodes. Since Step 2 


mer repeated with respect to these newly formed edge 


T-matrices, then all subset Cli) of cireuilts of the erica 
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Prapn will be successively computed. Applying the itera-— 
mye process of cimeuit listing diseussedminm cechione en 
emows that all of the circuits of the fiven graph are listed, 
Hinally, the preventionwet duplicardon in jastingeencece. 
Secuits is performed by (a) the application of the defini- 


mon Of the C'-transformation, namely letting Cal es Of Sia 
3 


the generation of tere fom <r < 2a aad Cb aie 


meoericvlLion on the computation of C eeLNevele she | Spas - teva 


ee 
ae where j) >2d. The prevention of duplication can be 


explained by noting that the process of generating a new 
aoe tmatrix results from a circular substitution of order 
j-l if the jth column is used as operating column. When 
j = 2, this operation conserves the n-edge circuit, then to 


mmevent duplication, t in the newly generated edge 


iG nl 


P-matri x , |, must be set equal Zero to eliminate this 


r? 





n-edge circuit which has been listed from the antecedent 
edge T-matrix of \T Lor: HOG ec, Since: the soiree supe 
meee i 1 On affects only the n-j last elements in the node 
momemes, then only circuits of length k > j are newly 
Bemeraved, all circuits of length k<j have been iisted 


meevtousiy, Therefore only C, with j < k < n are to be 


k 
computed from ng" Hence Theorem 4.2 is proved. 


Example 4,3 List all circuits in the oriented graph of 
Figure 4.3, 


ovep 1. The edge T-matrix associated with G is 
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Puenresee gs. SLIlUuStrati ommot ec mae t 
Tal Sig akjahes Saltese raslaeleniis 


| 
| 


iiesprimitive circuits of G are: 


C5 


C5 = ij 


de 


mae tne V=subset clesubsequeny edge T-mavrices 


derived from Ty is generated below. 





Tay does not exist, since column 4 in T, is) net a C'= 


Sperating column. 


oe 





merece the entry tao in Tee iS) Ler O wee ao laeniae 


discarded after 5032 has been generated. 


b 
h 
Ah = au = 
fee 4 aes _f ee 
C 33 gE 
a a 
e o 
Ab = Ag = 
134 oe Cae a9 13¢4 
¢ -p 1-j b 


LS 7GoO. be 





{0 

















I me — 
mies Eile 2 
otep 5. Computing Cy 
From ee : 26 = cadjh Eee m Tio : Cy =—¢bilg 
eon | T Cy = cals Eroarl os C= = cher. 
13 4 1222 5 
Mieom | 1 > none Pe ON 
124 Reyes C2 = cag 
feom | T ; none Peo |e none 
134 1364 
rom Th 5 21 : Cy = cbeg a Oan Ty = none 
From Ke : none From ee = lelae 
From iy eTkenc 


Remark 4,2 Due to the fact that no duplication exists in 
Meee listing of circuits from each member of the set of 
ew@sequent edge T-matrices generated in Steps 2, 3 and 4, 
circuits can be listed from each edge T-matrix as soon as 
it is generated. Therefore, the maximum number of edge 
T-matrices in temporary storage, in general, is n-l. Hence 
this method enables one to reduce the memory requirement 


eae computation time of the computer. 


E, SEG LISTING ALGORITHM 
The purpose of this section is to derive an algorithm 
for listing, without duplication, all of the 2°-+-1 non 


empouy segs of a graph of n vertices, by use of the edge 


Tematrix and the C-transformation. 


ill 





1, Determination of a Seg from an Edsel tarmea. 


Property 4.3 Given a value of K, with 1 < K < n-1, a seg 
Sys determined by partitioning the set of nodes of the 


Bieaphn into two subsets, Ny and No with K nodes in N. and 


1 
the remaining n-K nodes in Nos can be obtained by taking 
Pamenon Zero entries voi WIth Ke< 3 8 sie ari Gee jee 
in the edge T-matrix associated with the graph. 
meeOt: Replacing all non zero entries 233 for 
Kos i < n-l and 1 < j < K by zero in the edge T-matrix 
associated with the given graph, the resulting edge 
T-matrix will be associated with a disconnected graph by 
famerue of Property 3.4. Then the set S, formed by non zero 
entries tay defined above is clearly a seg of the graph by 
Wemanition 2.9. In particular, if the subgraphs associated 
With the sub-edge T-matrices formed by considering the 
first k-l rows and the last n-k-1l columns of the original 
edge T-matrix, respectively, are not disconnected then Sx 
Peamominimal cutset of in short, a cutset. 
a. The S-subset of Subsequent Edge T-matrices 

Property 4.3 suggests that the set of all of the 
oe | segs of a graph of n vertices can be obtained from 
the complete set of subsequent edge T-matrices derived from 
the original edge T-matrix of the graph. A further inves- 
tigation shows that without a systematic method, the segs 
computed from every member of the complete set of subsequent 


edge T-matrix by using Property 4.3 will be duplicated. In 


maddition the set of segs can be listed from only a subset 


(2 





eo the set of subsequent edge T-matricescmoimeun serine 
edge T-matrix. Therefore to prevent duplication and at 
miceesame time to reduce computation time the concepGwan 
»-Ooperating column and the set of S-subset of subsequent 


edge T-matrices will now be introduced. 


Meminition 4.9 Definition of the S-operating column. 
a) Given the edge T~matrix ae associated with a graph 
fee vertices. Any column j of (a is called an S-operating 


eomwmn if: 


ZAVaeI sl) Ione Me Crclel: 


DS Sele aI with j= 
4n for n even, 


b) More generally, let m(3% KP. mY) be the edge 


TeMmatrix derived from T by applying the C-transformation 


Wath respect to the zth re llivuuay ie! ceales . aie KEP eolumn B 
mmea,... the m column u times, then the p column with 
Pee 1S a S-operating column if: 

Cc: cman ot 1) np. (4.4) 


Definition 4.10 Given an edge T-matrix |T, associated with 
a graph, the S-subset of subsequent edge T-matrices derived 
from |T is the set of edge T-matrix obtained as follows: 
1) Applying the C-transformation with respect to every 
S-operating column of |[T, 

2) From each newly generated edge T-matrix Hl obtained in 
amp i, obtain a set of edge T-matrices P52 provided that 


femumn kK 1S an S-operating column. 
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3) Repeat Step 2 until no column in the newly generated 
meee I'~matrices can be used as S-operating column. 

yome interesting properties of the S-subset of subsequent 
edge T~matrices can be derived from Definitions 4.9 and 
4.10. These properties will lead to a seg listing algorithm 
By Which all segs of a graph can be listed without duplica- 


mom irom the S-subset of subsequent matrices of the graph. 


memanition 4.11 Let |T be a member of the 
<< - O iP ale 


S-subset of subsequent edge T-matrices associated with a 


graph. AB g u is called a member of the pth gener- 
Teen .« «4g lll 


meen, if the number of times that the C-transformation has 
meen. Used to derive this edge T-matrix is exactly ge, in 


Sipmer words 


Cmte tenereh! % ails crop 


iH 
ee) 


Property 4.4 The S-subset of subsequent edge T-matrices 
derived from the original edge T~matrix T, can be partitioned 
into n-l generations. 

ieeot: Hrom Eq. 4.4, let p = 1, then B, y¥, 6 ...,u=> 0 
and then a = n-l. Note that the original edge T-matrix T 


is considered as belonging to the generation g = 0. 


Meimition 4.12 Given an integer K, with 1<K<j_. A 
Member of the generation g is said to belong to a family K 
if it has been derived from |T by using the C-transformation 
exactly g times with respect only to column j such that 


me 5 < K. 


74 





Property 4.5 The number of members of a family K, in 
memeration £ is: 
K+g-1 


WOK Se) = bo 5) 
& 


beoot:; From Definition 4.12, a member of the) famidy ek 
memacrived from the original matrix by applying the 
feeransiormation exactly g times with respect to the first 
meeolumnms, then the number of members of family K in the 
oe peneration is clearly the number of g-combinations of 
Meerouvinct objects, each of which may appear O to g times. 


fees well known that this number is ed 


Property 4.6 Members of a family K exist only in the “irst 
Mar eeneracions. 


Preoot: From Eq. 4.4 


g Oe ouetaeeeen Foe it) 
mee, let p = K, 
SS eh 


Hence Property 4.6. 


Peeperty 4.7 The total number of members of family K in the 


S-subset of subsequent edge T-matrices derived from the 


M@erocinal edge T-matrix is: 


N(K) -(") (4.6) 
K 


Proof: It has been shown that: 


n-l=-r 
( 5 Clie, 
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Now, the total number of members of family K in the S-subset 
ei subsequent edge T-matrices derived from the original edge 
mematrix is: 


n-K 
N(K) = a one (4.7.a) 
E= 


meoeing r =n -—- K, and substitute into Eq. 4.7.a, gives 


N(K) a 0] + "3" 0 (P57) gals (rca ) 4 ion Chee 


Sempering Eq. 4.7.b with Eq. 4.7, shows that 


N(K) = {yx} = Li 


Bence Fq. 4.6 is proved. 


Property 4.8 Let s,(K) be the sequence of nodes associated 
Meee che first K columns of an arbitrary member Ee ofa 
memtiy K in the S-subset of subsequent edge T-matrices of 
@ eraph G. Then the set composed of es such sequences 
obtained from every member of the family K form the whole 
Semboanations of n nodes of G taken K nodes at a time. 
luoot: Property 4.8 results directly eon the face 
that the number of members of the come K is exactly (x) » 
pee since only K first columns in each member are considered, 
with 1 < K < j, and from Definition 4.12, members of family 
K are obtained by applying the C-transformation with respect 
memcolumm j, with 1 < j < K, then in the light of Remark 
omen all Smile) are distinct. Hence Property 4.8 is proved. 
The foregoing discussion suggests the following seg list- 


ing theorem. 
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So Siete Inn eal bavercereiun 


imeorem 4.3 All of the eel non empty segs of a graph 


for nm vertices can be listed without auplicationm throeucn 
moplication of the following steps. 

step 1. Associate with G its edge T-matrix(T. 

muep ¢. Generate from|T its S-subset of subsequent 
edge T-matrices. Using Definitions 4.9 and 4.10. 


Buep 3. For each value of K, using Property 4.3, list 


Sy malt fh 3 

ae hes Taos it Sy 1s determined irom Be 
and 

< < ' ; 
OSS eSemye Sg sel Sy US Rere Cie Nomar an T 4 g u 
Sle cg DB eeerpeece reel 

where 

a j,, When g = 4 + Bia 2a eee ll gr 

n- g, otherwise. 


MEeoi: ouppose Ehav 5S, 1s computea from every member 


K 


of the family K, then x | segs will be obtained. None of 





these segs can be empty, since it is assumed that the given 
graph is non separable, and since the graph associated with 


mayecage T-matrix, from which Sy is computed, is 2-isomorphic 


fie tne given graph, then if S,, is empty the latter is a 


K 
Beeperable graph. This is impossible. Now let K be l,¢d,..., 


an then the total number of segs obtained will be: 


Jm 
S05) 3 ea ee 
K=1 


et 





me. of the segs listed are clearly disvimcet. by wyaeeeemoeu 
Property 4.8. 

The practical rules given in Step Ss result LromeProperry, 
imo, The original edge T-matrix T can be considered as 
memocr of any family K, with 1 < K < Jin’ Members of family 
K = J ConmonLy belong tO ties 1rst Jo Peneravione whi le 


those of family K > j,, belong to generations ea 


M@eemple 4.4 List all segs of the graph G of Figure 4.4. 





inal exohgres a ed IL LiL Dish eraeMeationa| font = I )ote 
Seg Listing Algorithm 


Step 1. The edge T-matrix associated with G is 





mech 2. Generation of the S-subset of subsequent edge 


Mematrices of T. Since n = 6, then: 
dee = in = 3. 


Members of the first generation are: 
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Member of the second generation are: 








Members of the third generation are: 





Poets ©f CNS erOUrvul Seneralton are: 


ie, 





; 
! 2 0 
mul’) = = get or a 
7000 
4H9oO5 8 
[(132) 





Im(1?) = 





peeps. listing the complete set of segs. 

mnie subset of segs Sy > with K = 1 are obtained from the 
family K = 1, in generation g = 0 down to g = n-K = 6-1 = 5, 
namely from |T; |T(1), |7(12), [r(r3), rca"), |r). The number 


Of segs obtained is 
=| oe 
n(sy) =(9] = 6. 

The subset of segs obtained with K = 2 are determined 
from the family K = 2, from generation g = 0, down to gener- 
ation g = n-K = 4, explicitly from: 

2 
Bes T(1) (2) ; [r¢a®) , |rca2) , Iwc2*); [way — Zi. 
|r(23) 5) r(r4y , | 70132) , | PC12 2°) , | P0123) ,|w(2"). The number 


of segs obtained is 








Sy) a0 eee 


80 





With K = 3, the segs =e are obtained from the family 


from generation g = 0 to generation ¢ 


K= 3, 


namely: 


2 


(2a ee eee 





; |r(23), | 





, |1(3°) 





,|T(23) 


3); [n(22) 


The number of segs obtained is: 


(2), (TC 


it(33), 


In; | 


Tne Cotal number of segs listed is: 


2 Oae 


i= 


N(S,) + N(S5) + N(S2) = oe 5) Gm oul 


The seg matrix obtained is: 


Sy OSU | (Se) S| Se) SOS eel i OS i OS) ee 
OOOH @ @2 eG oe ee erate ee ee a eon eS aH On Or 
© OS eS] Sr Se Se ee ee Ga SO St er 4 
Gone onen @ eG 2 oC 2 2 le ete Sem = Sei Or: 
Oo 4 OO ae CO a4 al a Cee Sid SS ete ee Om Or O © 
OOo OM 64 6 el Oe ee ee eS Se ete ae eS OHO Ori © 
Oto CO CO OC BS ee CC Ge ere tee ie ore ee St dO 


AonAcCeO CAO nFA nt TF Oooeooon TA OOO nt AA AAHOCOCr 


Hooeee ec ene aaa eooc Ce a tee eG ease oOo ir 
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memark 4.3 Since there is no duplication i mec eemern 
segs by applying Theorem 4.3, then SEOs Can Dew le sited minicom 
each member of the S-subset of subsequent edge T-matrices 
as soon as it is generated. Therefore the maximum number 
eoeedee T—-matrices in temporary storage is n-1. This 


enables one to predict the computer memory required. 
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V. EVALUATION OF TREE AND K-TREE SUMMATIONS 


A. INTRODUCTION 

The Beneration of trees of a graph is the most chalieng= 
ing problems in network topology. Quite a large number of 
solutions have been proposed. It has been shown by Chen 
foe | that many of the existing techniques On generation 
Mmeerrecs Of a graph described in the literature, seemingly 
mer cdifferent in their appearance, are actually the variant 
Seeune Wang algebra formulation, and that other existing 
techniques can be formulated by matrix algebra. Each of 
these methods is designed to list the trees or to evaluate 
mie tree summation of one graph at a time. Although the 
same algorithm can be used to evaluate the tree summations 
of different graphs associated with the same network, the 
time involved in repeating the tree summation calculation 
Mecessary for various terms in a topological formula often 
Mekes the topological method unappealing for computer 
miplementation. Thus, it is desirable to develop a method 
which can evaluate various 2-tree summations together with 
tae l-tree summation simultaneously. That is the main 
purpose of this chapter. 

ln the next sections, the concept of foldant given by 
Nakagawa [21] will be modified in such a way that the 
l-tree summation and various 2-tree summations can be 
obtained from a set of T-subsequent edge T-matrices of the 


original network. Algorithm for determining the l-tree 
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eummation Of a graph will be given in Sections >. loa 
algorithm is comparable with the Chang's algorithm [6]. 
Algorithm for evaluating the Type-I and Type-II 2-tree 
summation from the same set of T-subsequent edge T-matrices 
will be outlined in Section 5.3 and Section 5.4, respective- 
ie, kitihe advantages of the method are that it is easy to 
memoime all of these algorithms together in such a way 
that the l--tree summation and various 2-tree summations can 
be obtained at the same time. This is possible because all 
these l-tree and 2-tree summations are computed from the 
wome set of T-subsequent edge T-matrices, partially. The 
above mentioned algorithms are all designed for covering 
the case of directed graphs. This will be performed by 
Meame the “multiplication. 
Pee tHE T-TRANSFORMATION AND THE SET OF SUBSEQUENT EDGE 
T-MATRICES 
In order to use the edge T-matrix for the tree summation 
calculation we first modify the C-transformation defined in 
Section 3.4, The modified transformation is called the 


T-Cransformation. 


Definition 5.1 Given an edge T~-matrix Ty 2 Se associa- 
mem@ewith a graph G of n vertices. It is said that the edge 
a ; : a 

T-matrix ir eae is derived from Ty by applying the 


T-transformation using column j as operating column, if 


al ge = ft Lor) < ae eae, 
mY 8 5q * "pg — Pets 
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e+ = ¢ ene Pett 


pq ptl,q < pia oe and L< Gea eo 
(3) re = Cac for j.< pp sea ee and j <q < n-2 
(4) ee = tas for j<_q < n-1, and 

tY 4g = 0 formmln< q <iot 


Metinition 5.2 Given an edge T-matrix [Ty associated with 
a graph of n nodes. The set of T-subsequent edge T-matrices 
derived from oan is the set of edge T-matrices, which are 
i”agividually associated with a connected graph, obtained by 
the following procedure: 

(1) Apply the T-transformation with respect to column j of 
iE for 2 < j < n-1, then 

(2) From each newly formed edge T-matrix, [Ta eoeeulia & 
set of edge T-matrices Ta yK by applying the T-transforma- 
meee latively to column k, with j < k < n-l, and 

(3) Repeat (2) on each newly generated edge T-matrix to 


Obtain successively all members of the set. 


Remark 5.1 Let Gy 


Ciske Gi; be the graph associated with the edge T-matrix 


be the graph whose edge T-matrix is ie 


L 


Paige derived from ;T, by applying the T-transformation with 
meee to column j. From Definitions 3.1 and 5.1, it 
results that es can be derived from G. pve: 
1. deleting all edges between node itl and nodes j, 
Wi 3  < itl. then 


2. rearranging vertices of G. in a sequences as follows: 


1 


J 2 aera en eae c)g baa eres olla) cls at 
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memerk 5.2 From D finition 5.2, it follows thet se olen 
can be used as operating column for generating a subsequent 
edge T-matrix if: 
i htl entries in this column aregner zeio eon 
feel) entries ae with 1 < q < k-1 and k < p < n-l 
are mou ellezero. OLnerwise Gheweraom Gy obtained 


will be a disjoint graph. 


C. EVALUATION OF 1-TREE SUMMATION 
io compute the 1l-tree summation of a graph, the concept 


Seeeene modified foldant is now introduced, 


Betanition 5.3 Let Py be the edge T-matrix associated 
fee ce Sraph of n vertices. The modified foldant of /Ty 


memaetjined by the following recursive rule 


feel 


Ty = a thy [Te5yk-1| 3a 1 


where for k = 0, |Tj| is the modified foldant of |T} which 
is the edge T-matrix derived from [Ty be deletine thesenuny 
tay and adding entries in the same row of column 1 and 
column 2; and \T Cay k] is obtained similarly from [Tc ayks 
which in turn is derived from Ts by applyine successively 
fmeremes the T-transformation using column 2 as operating 

eo lumn . 


The following theorem has been proved by Percival [25] 


Theorem 5.1 Let a graph be given with the tree summation 


IT|, then with respect to any branch designation b 
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Jo] = [Pe] + bp TI 


where pee is the tree summation of the graph derived from 
the given graph by deleting branch b, and al Lotiphenwnee 
summation of the graph obtained from the given graph by 
mierl>—-Circuiting branch b. 

With Theorem 5.1, Nagakawa [21] has proved the following 


weroliliary. 


memolilary 5.1 Let a graph be given with the tree summation 
feeeeeenen with respect to Day: The sum of all edge designa- 
tions between vertices i and j, the tree summation is given 


by 


| > pea + Cae 


where ITO | Pome, tree SUMMaAvdOM Of ste 21 api ee mine mca 
the given graph by deleting all edges between nodes i and 
Jj, and |T,| is the tree summation of the graph obtained 
meet vie given graph by short-circuiting nodes i and j. 
Pemie Corollary 5.1, the following theorem concerning 
the evaluation of the tree summation of a graph will be 
meovec. The case of the nondirected graph will be con- 


Sidered first. 


Theorem 5.2 The tree summation of a nonoriented graph is 


equal to the modified foldant |T,| of the edge T-matrix 


1| 
"4 PecOClabed With the praph. 
Proof: The proof will be achieved by induction. When 


ehe number of nodes of the graph is 2, the theorem is 
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obvious. Assume that the theorem is true when the number 
of nodes of the graph is n-l. eeneitaan now a@ graph of n 
nodes associated with the edge T-matrix ie let |T| denote 
mee tree summation of the graph. Applying Corollary 5.1 


meee respect to baa The sum of edge sesignations between 


nodes 2 and 1, then: 


5! ei |v 


ale 

weve that qT. is the tree summation of a graph of n-1l 

fMeees, and it is verified that its edge T-matrix, [Ty 
@aoe Obtained from tT) by deleting bay and adding entries 
fmeeae Same row of column 1 and column 2. Also, since the 
graph associated with [Ty is ©f n—-l nodes. then theminere= 
tion hypothesis can be applied to [Ts |. Next consider the 
peee summation ae ) Of “tie eer op he derive dei oie cman es 
Breaeh by deleting all edges between nodes 1] and 2. The tree 
summation is obviously independent of: the nodes arrangement, 
then the nodes of this newly obtained graph are now rear- 
ranged in such a way that node i of the given graph is 
located in the (i-1)*" location in the sequence, for 

2S il fea eewwand mode | Of The given srepnebecomes su lnic 

aul element in the sequence. The edge T-matrix associated 


with this new graph is then the subsequent edge T-matrix 


feoraved from Ty by using column 2 as operating column. Let 


Tho We view tesultins Cdgemuemavri x.) aid Tio ies Freew.s Ul. 


Meaei1on. Then 


Ip] = [tyol + ty 17H (5.2) 
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Repeating the process with respect to ITi o> we obtain 


ie | + to,1Tiol (5.3) 
Ne Ne eal 2 


by repeating the procedure n-1l times, then adding all the 
ifesulting equations, we have the theorem. 
In order to derive a fast method for expanding the 


Meret ied foldant, the following theorem will be proved. 


Mmeeorem 5.3 The tree summation of a graph is equal to the 
peme Of partial tree summations obtained from every member. 
peeeune set of subsequent edge T-matrices derived from the 


edge T-matrix tT associated with the original graph. 


meoot: Ihe proof will also be performed by inductron: 
Wem the number of nodes is 2, the theorem is obvious. It 
memeesy to verify for the case of a three nodes graph. 
Peemme that the theorem is true when the number of nodes 
Ommepie Praph is n-l. Now consider a graph of n nodes whose 
meee Summation is T. By Theorem 2 

n-l 
i= o "ea [Pc yk-al (5.4) 

Since |T! 


i | 
<2) 
vertices, then the induction hypothesis can be applied, 


16 the tree summations of sane api ot ma 


emus |T' | 
or 


obtained from every member of the set of subsequent edge 


ms equal to the sum of paredaly tree summavions 


T—~matrices derived from |T! Ke Now consider a term in the 
(2) 


OO apne ae 


ment hand side of Equation 5.4, say t [Tt |, correspond- 
1 a 2 


mae to a given value of k. This product can be expanded 
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into a sum, of which each term corresponds to the product 
of ty 1 and a partial tree summation obtained from an edge 
>) 


T-matrix, say |T! es which in turn is derived from 
(2 
aS, k by applying the T-transformation with respect to 
(2) | 
@etumn j 272. Let {T k be the edge T-matrix derived 
C2 alan ll 
eon | T \ using column j+l as operating column. By 
(2) 


iisoection it is verified that 





= eet 


1 Gy 
: ; + 
| ee Oye ee 





D 


fmmeewery Value of j, with j > 2. Therefore, each term in 
the right hand side of Equation 5.4 can be obtained by the 
sum of all partial tree summations evaluated from every 
member of the set of Subsequent edge T-matrices derived 

ein | ‘T Using colunn J > 3 aS cperating cet omiie aeae 
forall sum is then the sum of partial tree summation obtained 
from every member of the set of subsequent edge T-matrix 
derived from the original edge T-matrix Ta Thus Theorem 


foes proved. 


Remark 3. Hreom Definition @aceebu tS escent Unevs ccup milan 
tree summation obtained from an edge T-matrix is Zero if any 
row in this edge T-matrix contains all zero entries. Let 
onl be an edge T-matrix of which all entries in row j-l are 
mmeezero. suppose that all columns k> j of this edge 
T-matrix can be used as operating column. If the T- 
transformation is applied with respect to column k to 
generate the subsequent edge T-matrix ees from Dei ina bem 


me tt follows that for all value of k>j, the row j—l 





remains unchanged, then the partial tree summation evaluated 


mom | T is zero. Therefore the following rule can be 


mj k 
used to avoid the generation of unuseful edge T-matrices. 
Rule 5.1 If in a newly generated edge T-matrix Tn3 
Obtained from Tn by applying the T-transformation with 
Beepect to column j, the entries in row j-l are all Zero, 
meem repeat the T-transformation with respect to column j, 


mammoossible, to obtain |T > and discard |T,,,. 
mJ 


Berollary 5.2 Theorem 5.3 can be applied to an oriented 
Pfeapn if Definition 3.l-a is used for describing the graph 
Baomit Definition 3.4 is applied for evaluating the partial 
Girected tree summation from each member of the set of sub- 
sequent edge T-matrices derived from the original edge T- 
matrix. 

meet) Prom Definition 2.30, a directed tree musy “be 
4 ordinary tree, and by Theorem 5.3 and Definition 3.4 all 
Retmeatrected trees can be obtained but only directed trees 
ere taken into aecount in the computation of the directed 
Pees Summation. | 

Mieorem 5.3 and Corollary 5.2 lead directly to the 


following tree summation evaluation algorithm. 
Algorithm for computing l1-tree summation 


otep I. Obtain from the original graph the associated edge 
T-maer ix [Ty Saye oye Ne ie alalsh wale i pel eyes oie olligete 
ted graph. and Definition 3.1=c for nonearrecrved 


oats, claksee 


Sia 





ptep Il. Generate the set of subsequent ede si iaguice. 
from Ts) by using the T-transthermaricon ss acoly 
Rule 5.1 if necessary. From each member of the 
set of subsequent edge T-matrices, evaluate the 
partial tree summation. Ape iyewetiia ome 
for non directed graph, and Definition 3.4 for 
directed graph. 

step III. Evaluate the tree summation of the graph by sum- 
ming all partial tree summations obtained in 
Swe Ii. 

The following example illustrates the application of 


M@peorem 5.3 and the algorithm. 


ieee 5.1 Evaluate the tree summation of the directed 


graph shown in Figure 5.1-a. 





Pigure.Seic,an Tiltuseeray domme el ereee 
SuMmmatvon Evaluation. 
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otep 1. The edge T-matrix associated witheine renee 


Gli) 
i = 2 0 Caiega (ica) 
CS) C3c) Cage 





The node 4 has been chosen as reference node, then edge e 
whose initial node is node 4 has been omitted in the edge 
D=matrix. 


otep 2. The set of subsequent edge T-matrices derived 


0 (3,8) 
' GoAe) (25d) iL 2 ~ Ot 3 Sc) 
(eee) Cl a eee ) 


0 (1,A)}+(2 ,b) 


eee 





CD Cage 


Hh; = | (3.8) (3,0) ite ee 
0 oC (2) "3 0 Cea 





The partial directed tree summations obtained from every 


member of the set of subsequent edge T-matrices are: 


7 | = fbg + fbe 
p 

T = fed + fed 

713], ss 

teen = gda 


The edge T-matrix|T) > has been discarded fb) enule 3... 


Step 3. The directed tree summation of the graph is: 


|v! = fog + foc + fgd + fed + gda. 


age 





maese directed trees are shown in. figures pe 





Figure 5.1.b. Directed l-tree Obtained from 
the Graph of Figure 4.1l.a. 


D. EVALUATION OF TYPE-I 2-TREE SUMMATION 
It has been proved [25] that, let |T(a,r)| be the Type-I 
2-tree summation of a graph G, then |T(a,r)| is the l-tree 


Summation of the graph G derived virronG by shore — 


s(a,r) 
Smeculting nodes a and r. Therefore |T(a,r)| can be 
Obtained by applying the l-tree listing algorithm given in 


meevi1on 5.3.1. to the graph G Wheuiona ic Bigeyne ls ide alts 


Sia. ie 
Simple procedure is unappealing for some applications. For 
instance, depending on the formula used, the evaluation of 


meer iving-point function topologically requires two tree 


summations from two different network graphs [28], and if 
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am Open Circuit impedance matrix or a shert-ciremat aon 
tance matrix are needed then five or seven 1-tree summations 
meom five or seven distinct graphs [5, 12] are required. 
iitjeretore it is desirable to derive an algorithm for obtain-— 
ing Type-I 2-tree summation at the same time the l1-tree 
Summation is evaluated. That is the purpose of this section. 
Mmieonis order, it is observed that if the edge connecting 
meees a and r in the original graph G is added to an arbi- 
Mm@ery tree t(a,r), then the resulting graph is a l-tree of 
MmierOri ginal graph. This observation suggests that one 
complete set of 2-tree t(a,r) can be obtained from the set 
of l-tree of the graph by first sorting the subset of 1-trees 
which contain the edge between nodes a andr, then next 
deleting this edge from every member of the subset. If in 
f@enoriginal graph nodes a and r are not directly connected, 
then the indicated procedure can be applied on the augmented 
graph cm derived from G by aagoing a fictitvous edcee wbetwecn 
nodes a and r. In terms of the edge T-matrix, the Type-I 


o-tree summation can be obtained as follows. 


Theorem 5.4 Given a graph G, let a and r be two specified 
feees of G. The Type-I 2-tree summation Tla,r) of G can be 
Getermined through application of the following steps: 
PeoleeeObtain from Ghesoripipal graph its. edge 1- 
meaurax T, The augmented graph G. is used instead of G if 
meees 2 and r are disconnected. Using Definition 3.l1-a for 
directed graphs, after deleting all outgoing edges from a 


mom dniceusing Definition 3.1-b for monoriemped graph. 
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ptep ec. Generate the set of T-subseqvenieeedeo 
matrices from |T by using the T-transform. Applying Rule 
Seeeeii necessary. From each member oltre wser Gnesi 
ment edge T-matrices, |T, compute the parvureal hy pean 


e-tree summation as given below: 


n-1 m ; m 
II Ps ete Up E Sp 
r( 1=17f 4 
/Tla.r),, (Bc) 
p 
0, if beg % Sp 


where Cog is the entry associated with the edge between nodes 
a-and r in the edge T-matrix [T, under CONS iIderav1 On aor 
an oriented graph, replace Sf by Ss and applying the 
siertiplication in Equation 5.5. 

meee >. Calculate the sum of all of The part aie pe 
e-tree summations obtained in Step é2. 


mreoot: ili the entry v associated with the edge 


fq 
between nodes a and r is not present in [Tin then it is 
clear that none of the 1-trees obtained from the partial 
l-tree Summation evaluated from aa Cleves) “Gomue caliel (Alsi Seles - 
meme it is clear that none of the tree t(a,r) can be 
obtained from ae Suppose now that the edge between a and 
feorassociated with the entry rae ole Tn? wleisyele eles “eiorS 
products of all of the trees which contain that edge 
obtained from JT, ean be determined by the product 

n-1l 


1v iH Ss 
“a asi,¢r * 


m 


Deleting the edge between nodes a and r from these 1-tree 


1S equivalent with letting veg = lin this product. 
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Therefore, )Pasr),,| is the partial Type-I 2-tree summation 


p | 
ong Om The Type-I 2-tree is clearly determined by summing 
all [Paral by the 1tent of Thecrenmamce 

If the graph under consideration is a directed graph, 


Mae deletion of all out-going edges from nodes a and r is 


necessary, since these nodes are considered as reference 


m m 
1 ie 


end applying the *multiplication will systematically elim- 


Medes in each subgraph of t(a,r), end replacing s, by S 
inate all non conform directed Type-I 2-trees from the 


partial Type-I 2-tree |T(a,r),,| 
p 


Memerk 5.4 It is noted that the Type-I 2-tree summation 

Gem be obtained at the same time with the 1-tree summation 
meamoppiying the algorithm given in Section 5.3.1 and Theorem 
baie This can be seen from the fact that, supposing nodes 
meer are directly connected in the original graph, the 
1-tree summation and the Type-I 2-tree summation are both 
determined partially from every member of the set of 
T-subsequent edge T-matrices derived from the original 
T-matrix ae inen if in Severe som sume algorithm Ci ~SeC¢r en 
5.3.1, the partial l-tree summation ne eigl lars) joswore dl ail 
Type-I 2-tree summation Tasrdn| are evaluated, then in 
Step 3, these partial tree summations are summed separately 
the 1-tree summation and the Type-I 2-tree summation will 

Be obtained at the same time. If now Theorem 5.4 is applied 
TO the augmented graph Ga» and in Step 2 the partial l1-tree 


summation of the original graph can be obtained as foliows: 


viet 





m' m . m 
S II S sles ae ES 
fe i=1,4f lee fq f 
alee (5.6) 
p n-l 
lees) cesses id ~~ t eee 
t=, 1 1 m 


where ey is the sum Of salient rieswmanmwem ime TH with 

eg = 0 where Cig is the entry associated with dine odes 
added to the original graph between nodes a andr. Equation 
Beo can be proved by noting that letting th = 0 is equiva- 
lent with deleting the added edge from the augmented graph. 
Next, in Step 3 the 1l-tree summation and the Type-I 2-tree 
Summation will be obtained at the same time by summing 


meperatvely all of the partial l]-tree summations and the 


Partial Type-I 2-tree summation obtained in Step e. 


Beeomole >.c HKvaluate the Type-lI 2-tree of the graph shown 
in Figure 5.l1-a, with node 1 in one subgraph and node 4 in 
mie wouner, 

Step 1. Obtain the edge T-matrix from the graph (see 
Eeeample 5.1). 

Step 2. Generate the set of T-subsequent edge T-matrix 
(see example 5.1). Compute the partial Type-I 2-tree from 


each member of this set: 


From Ta! jTC154)4 


(2b a, Clmmen Game) 3158 cacy 
p 


De a abe 
From ie none since edge f is not present in Tio 


none by the same reason 


She 


From }T 13! TCL, 4) 4) 3 , = (3,6)4+( 350) ae 


= pd+ ac 


From . 5» ! none by the same reason 
GZ ies 


evep 3. The Type-1 2-tree summation ot ether ein graph 
is 
T(1,4) = gd + de + be + be. 


The obtained Type-I 2-trees are shown in Figure 5.2. 








Breure 5,2. DTlluUstracvon or lino @emn so’ 


See 2VALUATION OF TYPE-~II 2-TREE SUMMATION 

wemsraer a node triplet a,b and 17 Of 2 given graph, Gis 
in this section a technique for computing the Type-II 2-tree 
summation, T(a,b;r) of the graph G, will be derived. In 
mers order, consider the following formula, shown by Farber 


and Malik [12]. 


oe 





T(a,bsr) = T(a,r) {| T(v,r) Go 


Poplying Theorem 5.4 and Eq. 5.7, it results that T(a.b3n) 


can be obtained by computing partially TGen Peo » from 
p 
ia) by eliminating all of the trees obtained in the 
p 


later partial Type-I 2-tree summation, of which nodes b and 
fmemee connected. 


ime Valuation of Partial Type-Il 2-vree Summation 


i 


Suppose that node r of G is associated with row r, 
ema node a and b with column 1 and b of the original edge 


femacrix of G. Let Cry and Uy be the entries of an arbi- 


trary T-subsequent edge T-matrix derived from |T, which 
Merrespond to the edges connecting nodes a and r, and b and 
memes pectively. Depending on the iocation of Cry and 


Oxy in the edge T-matrix Tn Under Cons lCeraviGi. el hel omremcc 


three cases to be investigated. 


Case 1. If Ce 18 eliminated by tne Drocess) Om sete. 


Sup a@yes Tn? then 


eee el |., = it | _ (5.8.a) 


ee. O,a results from the fact that dU eRe) or?) is 
p 


evaluated from [Tlasr),,| , and the later is zero. 
p 


Mese 2c. I1f Ce] and tay are both in the same row f of 


om" Then 


n-1 = 
\PCa,bsr),, =) Ss CSnce DD 
p i=1,7f 
Eq. 5.8.b can be obtained by noting that its right hand 


side member can be considered as expressing the Type-l 


1Q0 





2-tree summation |T(a,r) | and /T(b, 4) obtained from 
oO NM} p 
Tn: This implies that all of 2-trees obtained in |T(asr),,| 


p 
Mave node rf in one subtree and nodes @ and b in the other, 
Hence Eq. 5.8.b. 
Case 3. If ¢t and t are not in the same row of |iT_. 
oe deat 2OY m 


% 
Lene of be the sum of entries in row i, and in the first f 


Semumns. Then, with ftl < k < x, 
mi n-1 * x a n-1 ~ 
iva, br) = a II Sr OE eel I S. 
Pp i=1,7f,x k=f+1 i=1 f,k-1,x 


Goce 


Wemprcove Hd, 5.8.¢, expand the expression on aCe) ae 
| 


p 
With respect to the sum Se 
me No m 
eet) oa iH ae 
p i=1,47f,x 
m* m 
i) cs II Sia 
a ee 
x » ne-l 
2 eh I ae (5.9) 
k=f+1 1=1,*f,k-1,x 
where 
% 
ee Sa = og Ga Sac) 
1 i a 


Comparing Eq. 5.9 with Eq. 5.8.c, shows that only terms in 
mimes Lnird summation of Eq. 5.9 are eliminated, in other 

vemos this summation is the summation of tree products of 
the Type-I 2-trees obtained from IMGln Je) , of which nodes 


Db and r are both in the same subtree, and the first and 


Eon 





second summation are the summations of tree products of 

Type-I 2-tree obtained from dee). of which nodes b and 
p 

rare in different subtrees. 


To prove the above statements, the following lemma is 


monmoe considered first. 


Lemma 5.1 Consider a graph G and two specified nodes, r 
mee of G. Let om be an arbitrary member of the set of 
T-subsequent Sdoe Te rices associated with G. Suppose 
met in [Tn node rand b are associated witiecon sf made 
wemumna f+] and row x and column x+l, respectively. Further- 
Meee Suppose that all of the entries in row f are Zero, 

aeeeer - xX. Then a4 path connecting nodes r and b can be 


fmemeesentea by 


meee ) = t. ae t a Ue ican 
il 1, .ftl 1551 Tall Le,i5tl dy od, _ytt 36 AOL 


ji +1 (5.10) 


k 
with 


se dL << 3x 


ie < j ss Legqocrr sty oS 


Hie ta Egil cts cena 


revs = 


if the path is formed by taking one entry in each row of 
a em a time. 

Eecoof: P(i,) is cléarily thespetm oreo@ductr Of ea pan 
mime Connects nodes r and b, since the nodes took. con- 
ieee d in this path, and associated with row we with 
ieee ~ K, are all of degree two and nodes r and b, assc— 
@eewed with column ft+tl and row x, respectively, are both 
of degree one. The inequalities between values of 7 must 
Memoatisried such that the condition that edges contained 


in the paths correspond to entries taken one at a time in 


He 0) 2 





Sec OW OL pea These inequalities shows thaveenprued 
forming Oy should be taken one from row down to row 
mee) Such a@ way that if the preceding entry has been caren 
from a row, say Tas then the next entivmemust be seleerec 
ia COlumn i,t and in any row below row ie and above row 
eet Chis condition is not satisfied, then the path does 


femmece ist. This can be seen by supposing that, if if = rai, 


dl 
and the sequence of rows, iss from whveheentriocmod. P(iy) 
ere selected is decreasingly ordered, then the second entry 
eeerd be taken from row f. This is impossible, since it 
Mesoeen Supposed that entries in this row are zero. Fur- 
meemmore, the sequence of row sb from whide@eecn tries im 
P(i,) are selected must be uniformly and increasingly 
Smeeered as indicated. This can be proven as follows. 
suppose that this sequence is uniformly and increasingly 


1 


Consideration is associated with an edge connected to node 


Ordered from i. successively to ha ihe 2las teem eae tiaG@ele 


associated to row 14. The Nextsent ry es oOUuldmbe anecmrie, 
which represents an edge connecting to this node. All of 
emerres which correspond to such edges are located in row 
te and in column egw lh Dincewone enUry wn ro i has been 
semeected, then the entry which is being selected must be 
ieeaved in column i,;ti, and since the first row in column 


io HesmcOW i.+i, therefore the sequence of rows from which 


entries of P(i,) must be uniformly and increasingly ordered. 


jmemna 5.2 Consider a graph G and two specified nodes r and 


oe ol G. Let Tn be an arbitrary member Of “Giews pou 


1 


T-subsequent edge T-matrices associated with G. Suppose 
enact. in a nodes r and b correspond to rows f and row x 
mespectively. Furthermore entries im row f are all Zero. 


and f<x. Then paths P(i,) dOMHet. =xis tae 


(a) in row x, the unique non zero entry is tix. and 
foek* <f+1, 
(b) in row x the unique non zero entry is ce and all 


k? 
entries in row k-1l are zero. 

meeor: If k* <f+l, Ghen the sequence of roe i. from 
which entries of the paths are selected can not be obtaaneae 
Hence Lemma 5.2.a is proved. Lemma 5.2.b results from 
Lemma 5.1 directly by noting that, corresponding to every 
value of i,, the entry preceding the last entry in P(i,) 
eeuta be an entry in row k-l. Then if all entries in row 
k-1 are zero, then P(i,) Cann Ou cxuar. 

Eq. 5.8.c¢ can now be proved by applying Lemma 5.2. [In 
mmeomorder, it is observed that all entries ae en sm aire 
momeeiumn k, with 1 < k < f, Then all 2-trees obtained 
Paeeesxpanding the first product of Eq. 5.9 are Type-Il 
e-trees defined with respect to the node triplet a, b and 
meeeoce in these 2e-trees nodes b and r are not in the 
Same subtree. This can be verified by noting that with 
respect to every ve of small of the conditions of Lemma 
wees are verified. Similarly, with respect to every 
Zee mi the second term of Eq. 5.9, the conditions of Eecuma 


5.2.b are also satisfied. This is seen by noting that in 


m% a 
the sum Sy), Only entries eee lige) GUN Si SL chic 
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eonsidered. Then this summation represents oecummeatwonmes 
tree products of 2-trees of aCe) 4 which can be con- 
sidered as Type-lI 2-trees defined with respect to nodes 
fmeomond Yr, Finally, expanding the third) term aie 
it is verified that each term in the resulting sum contain 
a product which can be considered as a path P(i,). There- 
fore all of these terms are tree products of those tree 

of |tlasr),,| of which node b and r are in the same subtree. 
itese tree should be eliminated in the computation of 


[Tta,bsr).,| . Hence Eq. 5.8 is prove, 
p 
Example 5.3 Evaluate the partial Type-II 2-tree summation, 


T(1,4;9) in the following edge T-matrix 


5) d 

8 £& Cc 

9 el 

Bek. 2 Feit te) 

h Ne seh 18 

6 FGtlirerw 

46 A’ aleinie ce, ek: 
ese 8S 


The dots are used in this edge T-matrix instead of zero 
fier better legibility. The edges connecting nodes |! to 9 
meme LO 9 @re associated with entries h and Zz, respectively. 
They are located in different rows, then Eq. 5.8-c is now 
eoeorwed. From the a8 row, which contains Z, and associated 


men node 4, it is found: 
m* 


ey Se Ve aa oe Cece = P- 


porresponding to té5 and Cee» are 


aOLS 





IL) 3.0 = (vty)d(gte) (k+n+0)(qgt+tt+uti) (F+G+1l+r4+w) 
253 


(H+I+m+s+x+E) 


+ j(ktn)d(gte) (qtttuti) (F+G+1lt+rtw) 


(H+I+m+s+xtE) 


+ p(qtt)d(gtc) (ktnto) (F+G+1+rt+w) 


(H+I+m+s+x+E) 


memerk 5.5 In the forgoing discussion, it has been supposed 
miu DOLn Of the entries corresponding to edges connecting 
nodes r to nodes a and b are included in ee Ie ae eillise 
assumed that the row f associated with the entry associated 
with edge between r and a is located above the one x, con- 
taining the entry associated with the edge between r and Db. 
It will be shown that no generality is lost in this restric- 
Gmene Although row f could be cere below row x, but it 
Mmemecesy to verify that when that situation does occur, then 
f(a) the See corresponding to the edge between r and a will 
be eliminated by the process of generating the new edge 
T-matrix, and as shown in Case 1, the partial Type-I 2-tree 
summation computed from the newly generated edge T-matrix 
memzero and (b) t x y and t + 1 are in the same row, that is 
Case ed. Therefore it is not necessary to investigate the 
case where row f is situated below row x. Next, it is true 
that the entry associated with the edge between nodes r and 


B could be eliminated in the fSeneration of subsequent 


106 


T-matrices. Then it is desirable to design a method for 
keeping track of row x in each newly generated edge T-matrix. 
In general this can be performed by using the node vector 


defined below. 


Betinition 5.3 The node vector, Nw? iS a row Vector von 
which the entry, ne is defined equal CoOvGhe nodes sscociarea 
with column j, and ny the node associated with row n-1 of 


the edge T-matrix ae COMresvenadtne te eee 


Property 5.1 Given an edge T-matrix EE and its corres-=+ 
ponding node vector Na Let ang be the edge T-matrix 
gerived from ae by applying the T-transformation with 


Peaaoect tO column j of Un: Then, the node vector Ning Gi 


Tj can be obtained as: 


n. iene ee << as 
mj _ m 7 
ny Nay ONG) OS ea eS ideal 
n form 1a 


meoopertvy 5.1 results obviously from Remark 5.1. 
ee Algorithm for Evaluating Type-Il 2-tree Summation 
The forgoing discussion can now be summarized by the 


following algorithm. 


iineorem 5.5 Given a graph G and let a, b, r be three speci- 
Taec node of G. The Type-II 2-tree summation T(a,b;r) of 
G can be determined through application of the following 


Sees: 
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step 1. Obtain from the originel @eagh Ge ee 
T-matrix |T. The augmented graph G, is used instead of G 
mieenodes a and r are disconnected, Usime Detinieicn. 
Her directed graphs, after deleting all outgoing edges 
Meem nodes a and r. Definition 3.1-b is used for non— 
oriented graph. Form the node vector corresponding to |[T. 

otep 2. Generate the set of T-subsequent edge T- 
matrices from |T, together with their node vector, using 
meee s-transformation and Property 5.1. From each member 
[om of this set, compute the partial Type-II 2-tree summa- 
On axea,b3r). ae by applying Eas. 5.8.a, b, and c depending 
Smee relative location of row f and row x in We For 
Oriented graphs, replace Sy by Ss. and applying the *multi- 
Waeeeavion in Eq. 5.8. 

pimep 3. Calculate the sum of all of the partwal Vype-ii 


P-~ree summations obtained in Step 2d. 


Mmemole 5.4 Evaluate the Type-ll 2-tree summation T(1,335) 


of the complete fine-node graph shown in Figure 5.3. 





Paeure 5.3.a. Lllustraticnee! Us en ie. 
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step 1 The edge T-matrix and the nodemyector eecocwared 


with the graph are 


a 
= be 
as Comte a 
(ex Ee 
Ny = 12345 


otep 2. Generation of the set of T-subsequent edge 
T-matrices derived from |T and their node vectors. For 
saving space, only edge T-matrices from which non zero 
partial Type-II 2-tree summation can be obtained will be 


mesced below. 


a 
NM 
NO 
ii 





= 
iI 
eh 
W 
A ios 
oy 
NO 
=, 
NO 
I 





723 [Ty = 
Nog = Ny = 
T3534 = Toe = 


mrscting Of patial Type-Il 2-treée summations. 


Hee 5.6.b is applied to ie |To > IT 53: [Ty 
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From [74 }7(15335), | 


a(b+e)(cetfth) 


ea: p 

From [72 )7(15335)5| = b(cth)(etft+g) 
a p 

From [Py Bitgesaney = a(bte)j 

From 23 [793 saa = b(etg)(j+f) 


Eo 40.¢ is applied to [Fo2s|T3> (Tague |T22y 
From |T,2 : [P15 355) | —ivolGideen)) qe Gi e 
From |T. tue) = necers) 
From Poy I7(15335) 534 | = jee 
From L524 ECL s398) = Slave 

p 





Summing all of the obtained 





partial Wy .e> miles 


summation gives the Type-II 2-tree summation, 1T(1,3;5), 


Whiten is composed of 25 2-trees shown in Figure 5.3.b. 


FF, EVALUATION OF TYPE-III AND TYPE-IV 2-TREE SUMMATIONS 


Semcw@er four nodes, a, Bae, end Pr Ola ¢uven on 


@rtented graph G. In this section, technique will be der-— 
ived for computing simultaneously the type-III and type-IV 
2-tree summations, denoted by T(a,b;r,c) and Tla,b,ec3r), 


mesuectively. itn this order, the following formulas [20] 


are considered, 


Menor) = Tla,b;r,¢c) + TCajogeer) el ale 

Mercsr) = T(a,e;r,b) + Tla,b e328) Coline 
Mmemresults from Eqs. 5.11 

Wea, b,c;r) = Fla,b;9r) (\ PCa ee) CSrele, 

Meemoeic) = Tla,bsr)- — 2Catbe wm Co ler 
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b) 





am % 
C 
f, 
a 2 3 $ 
as 
& 
a. SS 
bo, 3h 4 
6 
fy 


paeree 5 3.3 
with Respect to Nodes 1, 


b 
rad a 9 
Gs 
a 2 
er Ph 
r 
eS 
boos 
t :s & 
f 
ee 
fA wee 
t A374 
£ 
Qa € t 
‘Ss. 


Complete Pentagon. 


ae 


te: 

Ped 
re 
~ 


‘Ss 


Set of PypeH—il 2—— recat Simo 
3) and oer ome 





EGag C3 rb) = Gas, c i = Caer ( Seale ae) 


meom Eq. 5.12, and Theorem 5.5 it follows wtbap ees incom pens 
oueti(a,b:r) and T(a,¢:r) are Dee elas Getermined from a 

set of T-subsequent edge T-matrices of G which contain the 
entry corresponds to the edge between node a andr, then 
mete intersection, namely T(a,b.c;r) can also be Gvaluared 
partially from the same edge T-matrices together with 
ieeemoec,c) and T(a,c:r,b). The problem of evaluating 
Type-IIlI and Type-IV 2-tree summation can then be reduced to 
the problem of determining the samterseepion Of twom poem 
e-tree partial summations obtained from the same T-subsequent 


edge T-matrix. 


7. Evaluation of Partial Type-Ill and Type-IV 2-tree 
Summations 


Suppose that node r of G is associated with row n-l, 
ememmode a with column 1, and b and ec with columns 2 and 3 
ieee cuoively, in the original edge T-matrix corresponding To 
G. Let Ce be the entry associated with the edge connecting 
medes a and r, (an additive edge, if necessary), in an 
meemerary edge T-matrix i Of the vse sof  P=subssquentmeace 
T=matrices derived from G, and from which Ce has OG ween 


Pimiianacted,. Then there are three cases to be considered, 


Sopending on the locations of ae 1G and Uy where a 


ye V 


and vay represent edges between node r and nodes b and ec 
meopectively. 
f 
wage F. If Coy» eas ana ty are al ine thewaalle Vey 


of |T_, then from Eq. pirucaas 


Iee 





|Ca,bsr),,| = [Tlasesr), 


Dp p 
mma trom Ba, 5.12 
n-1 ‘ 
|TCa,b,cesr),,| = S; (52) 3eey 
p i=1,*f 
and 
|T(a,bsrc),,| = [T(a,esr,b),, = 0 Gerona. 415) 
p p 


ase 2, If in Tm nee and Uy are not in the same row, 
pomerocated in rows u and x, respectively. Then the parrvial 
Type-IIiil and Type-IV 2-tree summations can be obtained as 


membews. From Eq. 5.8.c: 


|T(a,bsr) | =e ll Sore ese il S 
D 4=1,#f,u h=f+1 $=1,#4f,u,h-1 
(5.14.a) 
|TCa,esr)| = Si Tl S. + fF eet II 35 
p i=1,*f,x k=f+1 i=1,7f,x,k-1 
Gaal | 
TO evaluate [T(a,b, esr), rewrite Eq. 5.14.a as follows: 
Dp 
ee aol 
T(2,b5r),,| = < Sy Il Se 
p 1=1 57 Bue 
Et Sy S12 spt Et Sy Mc] Sy 
Ket +) i=1,4f,u,x,k-l k=f +1 i=1,4f,u,x,k-L 
E meme TI = mt me Mt m 
y ie ee) a II Ss. + 2 t n®x Sh II S; 
foe OC 1 ff ju,x,h-1 h=f+1 §=1f u,x,h-1 
CGPalline 


aS 





Im Eq. 5.14.c, the first three terms are obeaimecdn talent 
the sum sa out of its finite product pimexgeapo sie 


meo,a to write: 


i ae + 5 (5.14.4) 
Maen, corresponding to each term ae ata ao take the sum 
a euc of the finite product and separave 2 tose some 
pemain Eq. 5.14.d; the last two terms are obtained by taking 
the sum 5 out of the finite preduct., them Usimestcem eee 
to write the second term of Eq. 5.14.a into two terms. 

Since Eq. 5.14.b can be derived from Eq. 5.14.a by inter- 

@eemeing the subsequents u, h and x, k, then Eq. 5.14.b can 
mame rearranged into an equation similar to Bq. 5.14 9c. 


by performing the same operation of subscripts interchanging. 


Therefore 


‘ 
T(a,b,c3r)_ S Je Sy an = 
p i=1,7f,u,x 
- me ialeadl 
Ed PxSu Sk-1 2 sit 
k=f+1 ee Ok seed 
U Nee a 
4 eae San I Sy 
h=f+1 12) 570 su xo 1 Coe iia aay, 


Ba, 5.15.a is obtained from Eq. 5.14.c¢ by selecting terms in 
which the subscripts u and x are symmetric RGtoerma nich 
femepe from each other by interchanging subscripts x, K-l 
me uw, h-l, respectively. From Eqs. 5.14.c¢ and 5.15.4, 28 


results 
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ia, D5 0 ,c)_ = 2 6 ee Il ae 
p h=1aa 4 =] oe) eee 


n-l 


gM t TI S| a (Sod oe 
eee 


fae > Db 1S Obtained by subtracting Ma eo, ee mom 
Eq. 5.14.c. Furthermore by the symmetry observed above of 


Meme Scripcs u, h and x, k, it is clear That 


Ii oe + 


ae e3r,b)_ a Sas 
i-1,47f,u,x,k-1 


p k=f+1 


Uu Teen | n-l rs 
x Sy Sy tun Il S. C5 AG aaes) 
h=ftl1 t= ort eo ee 


Case 3. alate Uy and Ce are in the same row f of EE 


which does not contain rent WWotere etic, Ss ales 


n-1 be ; 
|T(a,bsr),,| = J 55 Gree) 
p i=1,#f 
and JT(a,esr),,| ie Cetermameemrn = Ocoee eae “Noting that 
Pp 


fil@eecerms of Eq. 5.14.b are included in Eq. 5.16.a, then 


|T(a,esr5b),,| = 0 CS) 
p 
and 
n-l x eae: 

m* m m* m 

ire ,b,Cc3r) = s s. +t F Cae II S. 

ome 5 ee x 2 ee ee ee 
(5.16 ce) 





Furthermore, JT(a,bsr,c),, can be obtained by subtracting 


Eq. 5.16.c from Eq. 5.16.a. Therefore: 


XK 
T(a,bsr,c),,| = F tos I su (5.16.4) 


p  k=ftl i=1,/f.) ee 


eam dariy, if Coy and Uy are in the same row f of Le 


ee 


femeh Goes not contain eee ES Oe 


\Tlasbsr.c) | = 0) (BRI oe) 
p 
T(a,b,csr),,| =s, -t ot eS. SE 
D 4=1,#f,x h=ft1 4=1,#f,x,h-1 
C5 Sin 
and 
U n-l 

Teer.) Sop eo a 3m (Gay a) 
gst D7, uh®h-1 i mare 


p h=f+tl 1=1,#f,u,h-1 


Remark 5.6 In the above discussion it is supposed that De 
and Uy amce bOuh SecOntarned in |T,, In the process of gener- 
abing Tn? one or both of these entries can be eliminated. 


imemmioce vector can then be used to locate rows x and u. 


Remark 5.7 The finite products involved in the above 


; m 
discussion are defined equal to one, if no Ss, remains ale ew 


excluding all of the indicated Se 


e, Algorithm for Evaluating Type-Ill and Type-iV 
2-tree Summations 





The forgoing discussion can now be summarized in 
the next theorem for the generation of Type-III and Type-IV 


Petree SUMMatTIONS. 


i ie 





Theorem 5.6 Given a graph G, let a,b,c andi beutoucscpec = 
fied nodes of G. The Type-Iil 2=-tree summatiensal capone 
and T(a,c;r,b) and the Type-IV 2-tree summation T(a,b,c;r) 
Sammeope determined through the applications ois@the following: 
steps. 

Step 1. Obtain from the original graph G its edge 
T-matrix |T. The augmented graph G, is used instead of G 
memmedes a and r are disconnected. Using Definition 3.1.a 
memeairected graphs, after deleting all outgoing edges from 
Memes Serving as reference nodes in each subtree. From the 
node vector corresponding to |T. 

step 2. Generate the set of T-subsequent edge T- 
limerreces and their node vector, using the T-transformation 
and Property 5.1. From each member an of this set, compute 
the partial Type-II1I and Type-IV Seerea Summations 
[Tlasbsrse)iny err be o2 | and \Tla,b,e5r),, by applying 
Memeo. 3, Eq. 5.15 or Eq. 5.16 b, ¢ and d, and Eq. By ab 
Memenaqing on the relative location of rows £[, u, and x in 
(ae 

mem Gdairecbed graphs, replace a5 by Sy and applying the 
Pie eaiplication. 

moors. Calculate the sum of @U) ot thesperviaie tl) pe- 


ITI and Type-IV 2-tree summation obtain in Step 2. 


Example 5.5 Evaluate the Type-III 2-tree summations 
ete? :5,3) and 1(1,3;5,2) and the Type-1V 2-tree summation 
T(1,2,3;5) of the complete five-node graph of Figure 5.3. 


Crema (oee example 5.4)" 


Wy 





wtep ¢. Generation of the set of T-subsequent edge 
T-matrices derived from the original cies T=meatrd x and 
Misti node vectors, (see Ex, S.4). Uyee=tll 2a -eeceeeeel 
summation 7(1,23553),,| and }7(15335,2),,| and aioe =i 
2-tree partial sie }T(152,335)., computed from every 
Member of the set of T-subsequent edge T-matrices are listed 
and tabulated in Table 5.1 below. 

step 3. Total Type-III 2-tree summations and Type-IV 


2-tree summation are given in Table 5.2. 


TABLE 5.1 
EIESUD 1618 JTC1525553) 515 J7(1,33552) 4), 


AND )7(1525335)] 





il T(1,255.3) qf ) | [TCL2335.2) np]  [B1225355) al p 
T, 0 0 a(bte)(cetfth) 
T, 0 b(cth)g b(cth)(etf) 
ah oie heg Ca Ce sin») 

ae ) oY 
T, ai(ctf) 0 hater) 

Ty 2 0 be(jt+f) be(j+f) 
Ty 0 0 a(bte)j 
0 
T5324 0 lo ge 
sl 0 0 che 
ach 
e cy O 
T 25 ia ealat bt } 0 | 
| 
ul ajh 0 0 : 
324 


1a 





TABLE sae2 


TOTAL TYPE-ITI 2-TREE SUMMATIONS AND TOTAL TYPE-IV 
ée-TREE SUMMATION OBTAINED IN EXAMPLE 5.5 






eee SS —_ 
SO A 


J0(1,255,3)f = efi + ai(e+f) + ai(jth) + ajh 
IT(1,335,2)| = b(eth)g + hcg + de(jtf) + dst 
IT(1,2,335)| = a(bt+e)(ctfth) + b(cth)(etf) + efl(eth) + 


ha(ctf) + be(j+f) + a(bte)j + che 





fee-11l 2-trees of [7(1,235,3)| ana] T(1,355,2)|are aes 
trated in Figure 5.4.a and Figure 5.4.b respectively. For 
illustration of Type-IV 2-tree of |T(1,2,355), sere) Steyn 
55 Sale 


G. EVALUATION OF 1-TREE SUMMATION OF THE GRAPH cil Be 

mie problem investigated in this section is the tollonu— 
ieee Given a graph G, and four of its nodes, 1, 2, 3 and 
eee t Gay 23 be the graph obtained from G by first iden- 
tifying the nodes 1 and 4, and then identifying the nodes 
2 and 3. Derive an algorithm for computing|T"|, the 1-tree 
Summation of oul eye from the set of T-subsequent edge 
Mematrices of the original graph G. The computation of |T"|, 
1S an important problem in topological analysis of two-port 
network. It will be seen that|T"|is the denominator of 
“mmeor the elements of the short-circuit admittance matrix 
of a two-port network, having nodes 1 and 4 as input ternm- 
inals and nodes 2 and 3 as output terminals as shown in 


Peeure 5.5. It has been shown that [2/7]. 


Peg 








-. h h 
ae Te we taAz BF ¢ 
4 J 
£ 


Mapotine 5. 4.a.° Set of Tyoe-11l2-trecomot a Glee eae 
Obtained from a Complete Five-node Graph of 
Example 5.5... 
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Figure 5.4.b. Set of Type-III 2-trees of 1T(1,335,2) 
Obtained from a Complete Five-node Graph of 
Beeempee 5.5. 


bien, 





fre) =(1(1,35234)| +|T(1323453)| +9) 23 en ees 
(5.18) 
Suppose that in the original graph G, nodes 1 and 4 
mime COommected, also are nodes 2 and@3. Then UTheorenmoe.! 


applied to the edge e, between nodes 1 and 4 pives: 
meee ae) ee (5.19.a) 


minere |T_ |is the 1-tree summation of the graph derived from G 
by identifying nodes 1 and 4, \T| 4s that of the graph 
obtained from G by deleting edge Css Applying Theoreneor! 
Once again to the edge 2 and 3, with respect to the graph 


iegem which a als) (crenmeue ail {elena 
= 1 
IT. e,|(TI\+|TH (5.19.b) 
where |T!| = |T"|, since |T!|is: the l-tree Summatlonweor the free 
derived from G by identifying nodes 1 and 4 and then iden- 


impevane node 2 to 3. Substituting Eq. 5.19.b into Eq. 


5.19.a gives 


In| = Sc PMeaer IEE ti | (5.19.¢) 


Eq. 5.19.c suggests that {T"|can be obtained by first eval- 
vating a one-tree sub-summation of the graph G, whose Trees 
contain both of the edges ey and C5» then dropping the 


ee@aduct e from this l-tree Ssub-summataone Since |Tlis 


1°2 
computed partially from every member of the set of T-subse- 
quent edge T-matrices associated with G. Then an algorithm 


sla et -tal be obtained by deriving a process for 





for COMPULTINE 
evaluating partially It"] from each member, |T,, of Cowes et Ot 


T-subsequent edge T-matrices. In this order, there are two 


Beall 





cases to be considered, depending om tre deca: tonmomer 


entries i, and ae which represent the edges e. and e 


1 fi 
ifeesoectively, in Lips 


Case l. Lt oe and ¢ 
—— Xy U 


y are on the same cowsen ae 


Sat either Uy Or are ls not Convaineduun \T mn? OF, boul 


Seecnem are not contained in LE then: 


ee = 0. (5.20.2) 
Ke 


Pope >.20.a results directly from the observation that all of 


ime vrees obtained from this edge T-matrix, Ty? dca noes 


m 


Senvain both of the edges ey and Cn. 
Case 2 et a és) aie es. then: 
——— Xy x uv Wee mee 
n-1 be 
Ty =e a) (5.20R 


p 4=1,%,x 


Remark 5,8 It has been shown by Chen that the choice of 


reference node in G LS imMMavewia le Then for con- 


eR 2s 
venience, in the following, nodes 1 and 4 are chosen to be 
imemerence nodes. Eq. 5.20, then, can be used for computing 
fom the case of a directed graph by replacing in Eq. 5.20.b 


vi by and using the *multiplication, after deleting all 
outgoing edges from reference nodes and changing all entries 
ery.) into (2,y,,) in Tm" 

Remark 5.9 In case where fictitious edges have been added 
memone graph, the partial l-tree summation of G@ will be 


obtained as follows: 


1) Delete all additive edges from |1T,, to form oes 


W be 





2) Apply Step 2 of the algorithm given in Section 5.3.1 
to the resulting subsequent edge T-matrix Tmt 
The forgoing discussion can be SUmmarizged in the foiler= 


ing theorem. 


dimcorem 5.f Given a graph CG together with four of its modec. 
ieee, 3 and 4, Let |T"| be the J-vtree summation er tiem ouapie 
Gi 23 deérsvyed irom @ by jidentatyin2g ede. meen ea ciemeetacm 
meaes 2 and 3. Then|T"| can be obtained Chrous wapeimecrram 
ees tOllowing steps. 

etep 1. Obtain from the original graph its edge T-matrix 
[73 : The augmented graph is used instead of G if nodes i 
and 4 and/or nodes 2 and 3 are disconnected. Using Defini- 
immenees.1.a for directed graph. 

Step 2. Generate the set of T-subsequent edge T-matrices 
qerived from [Ty PagOm (Gia @ lo meilcnime ct oe of. thas Ser econo ui. 
mee partial summation Tal, by Pie ee ce 5.20 accordingly 
to the locations of tne entries representing edge e 


slo ae 
| m 


mer directed graphs, delete ail of the outseoing edge 


7 ana C5 


Mmeemenodes 1 and 4, change all Coase! ALONE) COORRRS) - apply 
Pees multiplication. 
Step 3. Calculate the sum of all ) Tm | obtained in step 
p 


Za 4 


Example 5.6 Evaluate }T"} of the graph G derived from 


14,23 
mee five-node complete graph of Figure 5.5.4. 


ves 








Pigure 5.5.a. A Five-node Directed Complete Graph. 


evep J. The edge T-matrix associated with the erapmeu, 





puweep ec. Generation of the set ol T-suvsequesucace 
T-matrices, For saving space, only edge T-matrices with 


non zero Tm Will! be Itetecmpcuke 
p 


(4,5) 
CH se) C2 8) 
mGcreed 


(> aap 
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From |T,, uae = 0, since deleting the outsoingredsawGame) 


from node 1, leads to SF = 0, 


To | = b(dti) 2" |, = dg Pon, = 


= ha 7 lea 


291 
Beal 
3 p 
eeep 3s. Evaluation of T". 
T? = b( dtl)? sce dhe + has 


imemeark 5.10 Theorem 5.7 is intentionally derived for com-— 
puting |T"| from The set of T-subsequent edge T-matrices of 
the original graph, from which other k-tree summation of 

the graph can be also determined. If only |T"lis of inter- 
fee. 1b is simpler to calculate |T"| by applying the algorithin 


Peeverm in section 5.3.1 for evaluation of l-tree Summation. 


, 2 
‘, aa 3 / 3 
ee 
s 4 5 
2 » 
Ps 3 
oe 4h 
5 & 2) : 


Hieure 5.5.0. lilustragionee! Tre amen Goy 23 
Derived from the Graph ef ier os) .o. 


eS 





VI. APPLICATION TO TOPOLOGICAL, ANAT ois. Ot eee ie an 
ONE-PORT AND TWO-PORT NETWORKS 


Poe LNTRODUCTION 

im this chapter, algorithms develoved eine Cae oe 
be proved to be useful for the determinationof network 
fiemecions of one-port and two-port networks at the same time 
teen their sensitivity functions. Topological formula for 
Computing network sensitivity function without aeuual: 
derivation operation will be derived in Section 6.3. Appli- 
@ap10n of the obtained formula requires computation of a 
feeree admittance product summation of k-trees which do nov 
Pemcain a specified edge of the network. Technique for 
Svyaluating such a k-tree product summation will be given. 
Procedure for computation of network functions and its 
femetcivity function through application of the edged 
T-matrix will be discussed in Section 6.4. The merit of 
the process will be pointed ovt by the fact that all terms 
necessary for the computation of network functions and 
their sensitivity functions can be obtained simultaneously 
instead of using repeatedly several times an existing 1-tree 


Pmmoine program. 


B., CHOICE OF TOPOLOGICAL FORMULAS 

Topological formulas for analyzing passive one-port 
and two-port networks with no magnetic coupling have been 
derived by Percival [25], Maxwell [18], and Mayeda and 


Seshu [20]. Recently, using the concept of digraph, 
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Chen [10] has shown that lumped linear on-port and two-port 
MeBworks iaricluding non reciprecal ene and mutual 
emouctance can also be analyzed by topologies lieier mile 
Which are identical to those given for the case of passive 
networks, provided that directed tree summations are 
required instead of non directed tree summations. These 
formulas will be given below. 

For a one-port network given in Figure 6.1, the driving 
mer. admittance is 


A 


Ta = ay (6.1) 


where T and T(1,1') denote the admittance 1-tree summation 
pmoeehne Type-Il 2e-tree summation defined with respect to nodes 
meee 1’ of network N, respectively. 

*#G has been shown [20] that the driving point impedance 
Z, at nodes 1 and 1' of network N can be expressed in terms 


d 


of the impedance cotree summation of network N and network 


Noq1 eerived from N by ShoOre—ci Poeun ode ond ished in 
our purpose, it is better to express Z, as SHOW) i Hemi ee 
oe. Tle 6.9 





Figure 6.1. A General One~port Network. 


eat 





For a general two-port network shown in Figure 6.2, the 
short-circuit admittance matrix is Piven by 
ee 
oe 1 (1,3-452) = Dia, ee) T(1,4) 
(OFS) 


and the open circuit impedance matrix is given by 


m3 T(1,4) T(25 15354) (alee 
mee 1 7(1,234,3) - (1, 3:4,2) 1D 2 

(6.4) 
where Dn denotes the summation of directed T-Uree adimiaronie. 
Peoagucts with reference node r in the network N, and the 
summation of directed l-tree admittance products with 
reference node r in the graph Nail ae CaS iO Nay: 


identifying nodes 1 and 4 then identifying nodes 2 and 3 as 


Sgowm in Figure 6.3. 





Figure 6.2. A General Two-port Network N. 





Figure 6.3. Network N14 23 Derived from N by Identifying 
Nodes 1, 4 Then Identifying Nodes 2, 3. 
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From Eq. 6.3 and 6.4, the current ratio transfer 


function and voltage ration transfer can be determined as 











follows. 
ee T(1,334,2) - T(1,234,3) 
01 a = ah. Se = 65x 
<1. _, T33 COVbey) 
2 
I 
> ia _ 9(2 54535008 2 C2 eae (GaSe 
21 a ee mS) _ 
1 
‘e 
i. 2 ES a) Be Cr Sate) (CAGmeS 
2 a ee Gls 2) a 
2 
i= “Gl . Desi se tee Ce eee (6.6.b) 
ee V5\+ <0 ere) a 





tee LOPOLOGICAL FORMULAS FOR DETERMINATION OF SENSITIVITY 
FUNCTIONS 


mae purpose of this section 18 to derive! a4 tepelecical 
formula for computing the sensitivity function of a 
network, when one of its parameters, say C.> Vari Cs. pele 
meee CNd, let F be a driving point function of a one-port 
network ow a transfer t funCtionwot ea twe-pors revverk. 
the sensitivity of F to changes of the element e. Ps 
defined by the following relation, as given by Goldstein 
mee Kuo [13]: 

e. 3 
Se" Finer" F te, (6.7) 
1. The Bilinear Form of Network Functions 


Inspecting Eqs. 6.1 to 6.6 shows that in general a 


network function can be represented as: 
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nr, | (GaSea)) 


where U and V are Type-I 2-tree products summation or 1-tree 

meocucts Summation if F is Either a driving point immittance 

Mmmenion of a one-port network or a4 short—-cireul, omer enice 
Or an open-circuit impedance function of a two-port network, 

and U is the difference of two Type-III 2-tree products sum- 

mation and V a Type-I 2-tree products summation. In all 


Me5ses, it is possible to write: 


y,A + 


i ecaerpa=s (6.8.b) 
ye tual) 


where Vy denotes the admittance of an arbitrary element of 
meeemetwork. Eq. 6.8.b is obtained by partitioning U and V 
iteo twO sums, of which one contains all tree products hav— 
1. ouea y; as a factor, and the Other is torn bye eee cee 
product that do not contain y,. Eq. 626.0 1S ca lvedecrine 
pamermear form of the network functions. 

imoerGentally, it 1s interesting to note that the gemer— 
alized Thevenin theorem can be obtained from Eq. 6.8.b. In 


mis Order, rearrange this equation as follows 
RF = —_—_——— Comoae) 


Memes that D and C can be considered as the 1l-tree admittance 
product summation and a Type-I 2-tree admittance product 
summation defined with respect to the terminal of ses and 
computed respectively from the network N', derived from N 


by identifying node 1 and 4. The ratio 


io 





» 
W = a Cé-6 Ae) 


i, by applying Eq. .6wlg the Thevenin admittencers=-nmieo:— 

mae back into the network from terminals of Ys: Furthermore , 
B 

7 and H are clearly theslimits of of wed Sea is very large or 


Memo, respectively, Therefore 


YiF, + W Fo 
F == Ty. a CGA. 7e0) 
a 
Eq. 6.8.e is exactly the generalized Thevenin theorem as 
@ecained by De Claris [11], Parker [23] and Sorensen [29]. 
a 6 Kivaluation of Network Sensitivity vunculom 
In this section a general formula for compucmng 
Merevork Sensitivity functions will be derived, To this ena, 


taking the derivative with respect to y, of Iq. 6. Oo be metal 


Smiestituting into Eq. 6.7 leads to 


D B 
S =e Como ey) 
Yo y, 04D y,AtB 
Ome 
S = = - =F (6.9.b) 
a 


Suppose that the network function under consideration, 
F, has been evaluated, then U and V are known. Eq. 6.9.b 
mes that the sensitivity of F with respect to y, can be 
@erained if D and B are also known. Since DP and B can be 
derived from V and U respectively be setting \ O. Then, 
D and B can be obtained from V and U respectively by 


eliminating all of the terms containing gc Therefore 


See 





Rule 6.1 Given a subsequent edge T--matrix Om: Let U, 
and Mics be the partial summation of U and V computed from 
Tn Tne parcel Summation. B and Da Computed wiaeom Tin 


egies 


(a) B= U and D =V 
imeune entry representing Ve & Ta’ 


(b) If the entry representing y,€ Tn? then set this 
Beery equal to Zero, and apply the same process for evaluece 
Ue and ee Lory comp i Gane Ba and Do 


it is clear that summing ail Ba and De obtained by 


mpoiying Rule 6.1 gives B and D. 


D. COMPUTATION OF NETWORK FUNCTIONS AND NETWORK SENSITIVITY 
mie set of topological formulas listed above ss mewcmun. « 
mec compuctation of network functions requires usually an 
1-tree admittance products summation and/or a two-tree 
admittance product summations of Type-I and a difference of 
two e-tree product summations of Type-III. Since the Type-I 
2-tree summation T(a,b) can be obtained as an 1-tree summa- 
tion from the graph derived from the original eee 
Seabescing nodes a and b, and since no algorithm for evali-— 
vating type-III 2-tree summation, T(a,b;r,c) has been 
mreeetable, network theorists have been direcved fo modiiy 
topological formulas for analyZing two-port ooucrNe in 
maeeor tO compute transfer functions by Meanssol repeccvce 
poplication of a single l1-tree finding algorithm. To this 


end, Chan and Chan [5], have given a formula for evaluating 


2 





difference of two uncancelled type-III 2-tree summations, 
movyolvyed in the off diagonal ellementce of the 2. and Laer of 
Pas; 6.3 and 6.4, into an algebraic sum or distineuet 7 oom 
e-tree summations. Farber and Malik transformed that 
difference into a difference of two uncancelling terms, 

but two intersection operations are required for the compu- 
tation of these two terms [12]. Both of these two modified 
formulas are usually inefficient for large networks when a 
Topological approach is seen at its best, because a large 
wmemputer memory is required for the storage of al11 of Ghe 
Type-I 2-tree generated and in addition the intersection 
Gperation and the algebraic summation involved are time 
Seaauming. This difficulty can be circumvented by applica— 
tion of Theorem 5.6. Furthermore, no repeated application 
of a program is necessary, since all of the various k-tree 
Summations required for the computation of a network function 
can be obtained from the same set of T-subsequent edge 
@-Matrices of the original graph. This can be better 
Mmebuctrated by the following example. This example is 


meemcical to the one given in [5]. 


Example 6.1 Compute the short-circuit admittance matrix and 
the open circuit impedance matrix and their sensitivity, 
with respect to the admittance Dy > of the two-port network 
Bayen in Figure 6.4. 

mcep 1, Worm the augmented grap ye, S0GdIme la cud ome 


edges, A and B, between nodes 1 and 4, and then between 


Hl 








Figure 6.4. Two-port Network for Example 6.1. 





Figure 6.4.a, Augmented-Graph Associated with 
Network of Figure 6.4. 


134 





nodes 2 and 3, respectively. Assccilatemwetaee noma ene eee 


graph its edge T-matrix: 





C 
_ e 
a= |. ire 
b a 
No = Om Ss cme 


mvep 2. Generate from|T, the set of T-subsequent edge 


T-matrices and their node vectors. 














1 562 38 


A As soon as each sam is Ppenerated, compute thnes parece 
k-tree summation as AGIOS - 
i Localization of A and Bb 
Use the node vector Bomloc aikize:. 
a) row f associated with node 4, 
b) column u associated with node 2 


e¢) column x associated Wwitmenocdes > 


If A has not been eliminated by the process of deriving 


(me pen oT = Ay, Foun dare 


Bh ae adh ee 


eeu als Us 
Jha Ce =i Ceri 
JTC 54) a = €. T(1,253,4) 51 = )(1533254),, = On 
p p p 
and 
Th = 0. 
m 
p 


If B has been eliminated from|T., » then: 


1.36 





1253), = 0 ana pe oe 
p 


2 AGCHTOWRRerat Ol (our iat 


Let A and B equal to zero. Forms, for 1 < i < n-l, 
Form the product of all ae obtained to compute 
| T 


PPC OmpuLationeer }7C154) | 


Sew ie =) lye Comoutre )TC1,4 


product of all of s, obtained. 


ale by forming the 


Pe COMmpUbat Ton ot p25) 
< Eee eee oe US 
Lt Woe. Set 3 Lf <x. sen 3 = ] To com- 
2 Gt eee » Capa : 


pute T(2,3),,| » form the roducr sof sale Ss 


p 
obtained. 


it 
i Computation of Tl 


m _ m a 
Set SUS Le erent Sane i De iss oe Sie 
3a = 1. Form the producrt vor 2 iten s ebptanned 


t 
to compute |TI |. 


6, Computation of T(2eeer and |T(1 533254) |, 


mlp 


If wand x are both smallereenane: .u nen: 


}T(1,233,4) 0, 


nlp 


}T(1,35254) On 


ale 
ee Chie IT(1,253,4) 01, and [OG S82 GD Iss 
p 


are given by Eq. 5.15.b and Eq. 5.15.c, respectively. 


it u< £§ <x Or X= Veen }T(1,233,4) nd 


a 
ale 
er 352,4)_, are given by Bas. 5. 7 emancieo ncn 


p 
~. Yo evaluate the sensitivity TUnclven yw Tc respon 


hemverlavion of element Cs, specify terminal nodes of Cs 


In y 





search for the entry associated with Cas using the node vec- 
ter. lif this entry is not zero, them sect apecotaleecmz- oe 
aad repeat (2) to (6) for computing sub-part voller 
summations, otherwise these sub-partial k-tree summations 
are equal to their corresponding partial k-tree summations, 
respectively. 

Repeat the above process for each variable Cae 

Step 3. Compute separately every k-tree summation by 
mmmang all of its partial summation obtained in Step 2. 
emostituting into Eqs. 6.3 and 6.4 to determine the network 
Mmemerions. Substitute into Eq. 6.9.b to determine the 
Semsitvivity functions of every network function. 

The results obtained in Steps 2 and 3 are listed in 
Moetes 6.1, to 6.4. 

Example 6.1 shows that to obtain a general algorithm 
morweomputing network functions and their sensitivity 
immer ions, through application of Theorems 5.3 To 5.7 given 
in Chapter 5, it is necessary to generate only a subset of 
T-subsequent edge T-matrices of the original graph and 
compute partial k-tree summations and their sub-partial 
k-tree summation from these edge T-matrices, using techniques 
Meseribed in the above mentioned theorems. 

For directed graphs, techniques given in Example 6.1 
@iy also be used, provided that: | 

1. Definition 3.l1.a is used for representing the 
eaeraph , 


3. In computation of partial k-tree summation, all 
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poe 
'( §+9)pq 
O(5+5)p 
0 
(J+9)pe 


(3+) )oq 


Toe 








0 0 poe 0 0 

0 0 0 Jape Foepqe 

0 0 0 0 0 

0 | 0 0 gepq 0 

0 0 pqoe 0 0 

0 | 0 0 0 0 

0 0 0 ! 0 0 

0 0 0 ojsp 0 

0 0 (J+9)pqe 0 0 

0 0 0 J(8+P)9q 0 

0 poe qjoe pJoe pqyoe 

0 0 (G+) 902 $908 (D+9)jooe 
dius sfet)a| d [We cferys | er2ya| oo ae ta dy us | 


T'9 WIdNVXH dO c dabs NI GHNIVLdO SNOLLVWWNS HHYL-y ‘IVILYVd 
T°9 HIV 


Is, 








TABLE 6.2 


TOTAL K-TREE SUMMATIONS 


acer (b+d)) + aetbd me poen. 


acef + acfd + be(dte)f + defc + bdef 
+ adef, 


ace(b+d) = acfb + abd(etf) + acbd 
+  aeroe 


acid. 
0 


ace + acf + be(dte) + ad(etf) 
+ d(etf)e + bd(etf) + acd + bef. 


The results obtained do agree with those given in [5]. 
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0 0 0 pjoe ¢ 0 
0 0 0 O sepe 0 
poe 0 0 | 0 0 0 , 
were, 0 0 0 0 0 | 
O 0 C 0 oISp 0 | 
(J+9)pe 0 0 0 0 0 
Foe 0 | poe 0 pjoe | 0 
308 0 0 psoe gso0e pysoe 
Be | qu ZfeT)aL| qu elena GQ |W eee ay. 7 WU ep zl : ie 








SNOLLVWWOS HHaL-A TWIGLeVd-adns 


€°9 ATaVL 


etal 





TABLE 6.4 


K-TREE SUB-SUMMATIONS USED FOR COMPUTING 
SENSITIVITY FUNGI ier. 


ay = aed 

oy Gt) = acef + acfd + defc + adef 

m4 23) = aced + acfd 

T'(1,23;3.4) = acfd 

A C33? Ne = 10 

et = ace + acf + ad(etf) + dletf)ce + acd 


outgoing directed edges from the designated reference nodes 

meerwaeleted. In particular, for the computation of Tn 
p 

meoes ¢ and 3 should be identified. This” operation has been 


meecribed in Theorem 5,7. 
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VII. CONCLUSION AND SUGGESTION FOR FURTHER RESEARCH 


The edge T-matrix has been defined and used as a new 
tool for network representation. The properties of the 
edge T-matrix have been discussed. Methods for the trans- 
formation of edge T-matrices have also been given. This 
led to algorithms for solving the following basic problems 
in subgraph enumerations: 

im Gdevermination of a set of fundamennal cureuscaee 

2. determination of all paths between a given pair 

of nodes, 


ob. determination Of allvcircia tomectea Crouse 


4. determination of all segs of a graph, 
pe evaluation of J—-tree summation. 
6. evaluation of various 2-tree summations defined with 


respect to a set of 2, 3, and 4 nodes of a graph. 

moe case of directed graphs has calso been covered. The 
meeeDosed methods enable one to analyze a network with reduced 
Memory requirement and computer time, as compared to con-— 
ventional methods. Application of algorithms for the 
evaluation of l-tree summation and various 2-tree summations 
in topological analysis of one-port and two-port networks 
proves to be useful, specifically in the determination of 
network functions and the calculation of network sensitivity 
momctions. 

The extension of the present method to the enumeration 


of general k-tree summation seems natural. Determination 
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of planar graphs, detection of 1s0merenismsei st Woe tae 
and the synthesis of communication nets with specified paths 
or switching functions through the edge T-matrix represen- 


tacion should be interesting. 
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APPENDIX A 


DEFINITIONS OF SOME FAMILIAR TOPOLOGICAL TERMS 


Wetinition A.1l Linear graph and its .edses Sammie dam 
linear graph, or simply a graph, isasetof line segments, 
called edges and points called nodes or vertices, which are 
Mime end-points, or terminals, of the edges, interconnected 
in such a way that the edges are connected only, or incident 


at the vertices. 


Werinition A.e@ Subgraph. <A portion G. eontaining 4a subsean 
of the edges and nodes of a given graph is called a sub- 


meen of G. 


Memenition A.3 Connected and unconnected graph. A graph 
Mmmseld to be a connected graph, if there is at least one 
mea between every pair of its nodes; otherwise the graph is 


mamumconnected graph. 


Definition A.4 Degree of a node. The degree of a vertex 


Memeweecaph- 1s the number of edpes anciden® With thaw verge: 


Bereetibion A.5 A graph is oriented or directed if in eGacn 
meee ohnere 1S an orlentation. if ne orlenlavions are 


assigned to its edges, the graph is a non-oriented graph. 


Definition A.6 Outgoing edge. An oriented edge is called an 
outgoing edge with respect to a node if it is directed away 


mieom chat node. 
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